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AHHoTaums. PaccMarpuBaercs 3a/iadya napajienbHOrO BBIYUCICHUS 3HaYeHHUs QyHKLUM OT
MYJIbTIMHOXKECTBA 3HA4YCHHWH, 3alHMCaHHBIX B BEPIIMHAX OPHEHTHPOBAHHOTO CHJIBHO-
CBSI3HOrO rpada. BrrumcieHue BBINOJHACTCS aBTOMAaTaMM, HAaXOMSAIIUMHUCS B BEpIIMHAX
rpadha. ABTOMAT MMeeT JIOKaJIbHYI0 MHGOpMAIMIO 0 Trpade: OH «3HAeT» TOJBKO O JIyrax,
BBIXOJSIIMX W3 BEPIIMHBI, B KOTOPOH OH HAaxXOIHUTCSA, HO «HE 3HAeT», Kyaa (B Kakue
BEpPLIMHBI) 3TU AYTU BeAyT. ABTOMAaThbl OOMEHHMBAIOTCS COOOIIEHUAMH, MEPeIaBaeMbIMU 110
ayram rpada, KOTOpble HIPAlT pOJb KAaHAIOB Iepeladyd CcooOuieHuil. Beruncnenue
HHHITUUPYETCS COOOIIEHNEM, INPHXOIIIIVMM H3BHE B aBTOMAT BBIISNICHHON HadaJIbHOM
BepmMHEI Tpada. DTOT Ke aBTOMAT B KOHIE pPadOTHl MOCHUIAET BOBHE BBIYHCIEHHOE
3HaueHne QGyHKIWH. [ pelreHnst 3TOH 3ajadd IpeiaraloTcs aBa anropurMa. [lepBorid
QITOPUTM BBIIOJHSACT HCCIIeOBaHKe Tpada, HEeNbI0 KOTOPOTo sBISETCs pa3MeTka rpada c
NIOMOLIBI0 U3MEHCHUS COCTOSHMII aBTOMATOB B BeplinMHaX. Takas pasMeTKa HCIIONb3YeTcs
BTOPBIM aJTOPUTMOM, KOTOPBIi M IPOU3BOJUT BBIYMCICHHE 3HAYCHUS TOH WIM WHOM
GyHKIMH. DTO BBIYMCICHHE OCHOBAaHO Ha allOPUTME IYJbCAIMM: CHAa4aja OT aBTOMAaTa
HaYyalbHON BEPIUMHBI 10 BCeMy rpady pacrnpOCTPaHSIOTCS COOOWeHUA-60NPOCHl, KOTOPBIE
JOJDKHBl JTOCTUTHYTh KaXXJIOW BEpIIMHBI, a 3aTeM OT KaKIOW BEpUIMHBI «B OOpaTHYIO
CTOPOHY» K Ha4aJbHOI BEpIIMHE IBHUTAIOTCS COOOWeHUsi-omaeemyl. AITOPUTM ITyJIbCaLlUH,
10 CYTH, BBIUHCISIET arperaTHele (QYHKIMH, UIT KOTOPBIX 3HA4YeHHEe QYHKIUH OT
OO0beMHEHNST MYJIBTUMHOXECTB BBIYHCIISIETCS 10 3HAYEHHSAIM (YHKIMM OT OTHX
MyJIBTUMHOKECTB. OJHAKO MMOKa3aHo, 4ro mobas (ydkuus F(X) wMeer arperarHoe
pacumpenune, To ecth MoxeT ObITh Bhrunciena kak H(G(x)), rame G arperatHas QpyHKIms.
3aMeTHM, 4TO pa3MeTka rpada He 3aBHCHT OT TOW (DYHKIMH, KOTOpas OyIeT BBIYUCISATHCS.
3TO 03HAYaeT, 4TO pa3MeTKa rpada BHIIOIHACTCS OAUH pas3, MOCIE Yero MOXKET MHOTOKPATHO
HCIIONIB30BATHCS JUISl BBIYUCICHUS pa3nuuHbIX GyHKIHMi. [ToCKOIbKY aBTOMAThl B BEpIIMHAX
rpadga paboTaroT mnapaielbHO, Kak pa3sMmeTka rpada, Tak ¥ BBIYHCICHHE (QYHKLIUH
BBINOJIHSAIOTCS NApaliIeNbHO. DTO IepBasi 0cOOEHHOCTh paboThl. Bropas ocobenHocts —
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BBIYMCIICHHUS BBIMOJHAIOTCS Ha AWHAMHYECKH MeEHSIOMmeMcs Tpade: ero Iyrum MOryT
Hcue3aTh, IMOSBISATHCS HWIM MEHATh CBOM KOHEUHble BepIIMHBL Ha m3meHeHust rpada
HAJIAral0TCs TaKUE MUHUMAIIbHBIC ONPAaHUYEHUS, KOTOPBIC II03BOJIIOT peIIaTh 3Ty 3ajady 3a
OorpaHMYeHHOe Bpems. [IpuBoauTCS oOIeHKa BpeMeHH paboTel 000MX IpeaaraeMbIX
aJITOPUTMOB.

KiioueBble cJI0Ba: OpUCHTUPOBaHHBIC Ipadbl, HccienoBaHle rpada, B3aUMOACHCTBYIONIE
aBTOMAThl, MapajienbHas paboTa, arperaTHble (QYHKIUM, AWHAMHYECKH MEHSIOMHUECST

rpadsL.

1. BeedeHue

HanHass paboTa HaxOAWTCS Ha TEPECEUCHHH [BYX HAMpPABICHUI HCCIENOBaHMS,
Pe3yJIbTaThl KOTOPBIX OMYOIMKOBaHbI B cTaThsx [1] u [2].

IepBoe manpasnenue [1] — 3T0 mMapaniensHble BHIYMCICHNS HA OPUEHTHPOBAHHOM
rpade. Takue BbIYMCIEHHS SBISIOTCSA, [0 CYTH, HcCieAoBaHueM rpada,
«HArpyKEHHOTO» JIOMOJIHUTEIbHBIMHI 3HAUECHUSMH B BepIInHAX rpada.
HccnenoBaHne OpPHEHTHPOBAHHBIX TpadoB — KOpHEBas 3ajada BO MHOTHX
MpuioKeHusX. JloCTaTOYHO yKa3aTh UCCIEeOBaHHE CEeTel CBS3U, B TOM YHUCIIE CETH
uatepuera 1 GRID, W TecTUpOBaHHME MPOTPAMMHBIX U aIlIAPATHBIX CHCTEM,
MoJenpyeMbix rpadamu  mepexonoB. MccnemoBanue rpada, Kak OpaBUIO,
Gasupyercsi Ha ero obXole, a ATO yKe CTapas Kiaccudeckas 3ajgada 00xoja
nabupuHTa. OTa 3ajjaua HETPHBHANIbHA, €Clu rpad) OPUEHTHUPOBAH, TO €CTh B
JTaOUPHHTE «YIHUIIBI C OAHOCTOPOHHUM JIBHIKCHUCM).

O06X0/1 OpHEHTHPOBAHHOTO CHIILHO-CBA3HOTO rpada TpedyeT BpeMeHu mopsiaka hm,
rae N — 4ucio BepiuH rpada, a M — uucio ayr. Takoe Bpems: 00X0/a JOCTHraeTcst
MHOTHMH XOPOIIIO W3BECTHBIMU aJrOPUTMaMH: 00X0/] B TIIyOUHY, 00XO0/ B HIUPHHY,
«KaJHBI» anroput™ u ap. [3,4,5].

B 1966 r. M.O. Pabun mocraBun 3amady o0XoJa OpHUEHTHPOBAHHOTO Tpada

KOHEYHBIM aBTOMAaToM [6]. ABTOMAaT Ha Tpade aHaJOTHYCH MAalIMHE TBHIOPHHTA:
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sYelike JICHTBl COOTBETCTBYET BeplnHa rpada, a ABMKEHUE BJIEBO WM BIPABO 110
JICHTE 3aMEHSICTCS IEPEX0A0M IO OJTHOM U3 AYT, BHIXOSIINX U3 TEKYIIEH BEPIIUHEI
rpada. Ha ceronusmnuii neH» Hanbosiee OBICTPBIA aITOPUTM NPEUIOKEH B [7], OH
umeer omenky nm-+nloglogn. TIpu mOBTOPHOM 06X07e, KOTIa aBTOMAT MOXKET
UCIIONIb30BaTh TOMETKH, OCTaBJICHHBIE MM € I0CJe IMEepBOro 00X0ja, OLEHKa
ymensimaercs g0 nm+n?l(n), rae I(n) — umcio norapudMupoBaHHii, IPH KOTOPOM
nocruraetcst cootnomienue <log(log...(n)...)<2 [8]. OTauume OT HIUKHEH OIECHKH
NM OOBACHICTCSA TEM, YTO AaBTOMATY OBIBACT HYXKHO «BEPHYTHCS» B HAYAJIO TOJBKO
YTO NPOUJEHHON AYTH.

3a mociemHHe TOXIBI pa3Mep pEAIbHO MCIOJB3YEMBIX CHUCTEM U CeTed W,
CJIe/IOBATENIbHO, pa3Mep HccielyeMbIX rpadoB HenpepblBHO pacTér. [IpoGiemsr
BO3HUKAIOT TOTJa, KOT/ia MCCileioBanue rpada ogHUM aBTOMAaToM (KOMIIBIOTEPOM)
100 TpeOyeT HeloNyCTHMO OOJNBIIOro BpeMeHH, JMbo Tpad He momeniaercs B
NaMsTH OJHOTO KOMITbIOTEpa, KO0 U TO, U apyroe. [Io3ToMy BO3HHKaeT 3aqadya
napajulelIb-HOr0 W pachpefieni€éHHOro  uccienoBanusi rpadoB. Ora  3aaada
(hopmarnusyercst Kak 3a/1a4a UCCleI0oBanus rpada KOJUIEKTHBOM aBTOMATOB.

B [9] u [10] npensoxkeHsbl alropuTMBI pabOTHI TAKOTO KOJJIEKTHBA aBTOMATOB. [Ipn
9TOM MPEANOIAraeTcsl, YTO aBTOMAThl HE MOTYT HHUYEro MUcaTh B BEPUIMHBI rpada
WIA YUTaTh W3 HHUX, HO MOTYT OOMEHHBATHCA MEXAYy COOOW COOOIICHHAMH C
MOMOIIBIO CETH CBSI3W, OPTOTOHAIBHOHM Tpady, a Takke TeHepHpOBaTh HOBBHIE
aBTOoMathl. Hamnyumast monmydyennas ouenka m+nD, rne D — nuamerp rpada, T.e.
JUTMHA MaKCHMAJILHOTO MyTH (MapiipyTa 6e3 camorepecedeHuil) B rpade.

B [1] MBI paccMaTprBaiy KIaCCHYECKYIO 3a/1auy HCCIIeIoBaHus rpada apromaram,
oOMeH wuH(popMalmUeld MeXAy KOTOPBIMH NPOUCXOJUT TOJBKO Yepe3 MaMsTh

BepIInH rpada. DTo SIKBUBAIICHTHO MCCIIETOBAaHMIO rpada ¢ IMOMOMIBI0 COOOIIeHHH,
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KOTOPBIMH OOMEHHMBAIOTCS MEXIY COOOH aBTOMATHI, HEMOJBIKHO «CHAALINE)» B
BepiMHax rpada, a Ayru rpada WUrparoT pojb KaHAJOB Iepeladd COOOICHHH.
ABTOMaT, HaxomsIIMiics B BepIIMHE, MOCBUIAET COOOIIEHWE 1O OIHOW W3 AYT,
BBIXOSIIMX M3 3TOW BEPIIMHBI, M Yepe3 Kakoe-TO BpeMs Takoe COOOIIeHHe
MPUHUMAETCsl aBTOMATOM B KoOHIe ayrd. OueHka BpeMeHH pabOThl alropuTMa
3aBUCHT OT YHCJIa COOOILICHHUI, KOTOPbIE MOTYT OJHOBPEMEHHO MEPeIaBaThCs 110
nyre. Takoe 4dHCIO HasplBaeTcss EMKOCTBIO JyrM W obosHadaercs K.
[Ipeanonaraercsi, 4To HCCleAyeMbIil Trpad CHIBHO CBSI3€H, a BpeMsl Hepenadu
COOOIIEHHMS 110 JyTre OTPaHUYEHO CBEpXY 1 TakToM.

Kak anropurmbl wuccienoBanust rpada, Tak M OIEHKA BpEMEHH HX paboThl,
CYIIECTBEHHO 3aBUCST OT TOTr0, UMEIOT JI aBTOMAThl B BEPLIMHAX rpada KaKyo-To
uHpopmanuio o rpade, WM KaKAbIH aBTOMaT HAXOJHUTCS B HAYaJbHOM COCTOSIHUH
U «HUYero He 3Haet» o rpade. B [1] Mbl npeasoxunu Ba anropuTMa: aJropuTM
pPa3sMETKH M aJrOPUTM IIYJIbCALUH. AJTOPUTM Pa3METKH BBIIOJHSICT MEPBUYHBIN
obxona rpada ¢ TOMOIIBI MEepPechlIaeMbIX COOOIIEHHH, KOTJa B HAdYallbHbIH
MOMEHT BpPEMEHH BCE aBTOMAThl HAXOJAATCS B HAYalbHOM cOCTOsHHH. Ilocie
3aBepiieHus] 00X0/a aBTOMAThl OCTAIOTCS B HEKOTOPHIX KOHEUHBIX COCTOSIHUSX,
BOOOIIIE TOBOPSI, OTJIMYAIOIIUXCS OT HAa4yaJbHOTO, YTO, IO CYTH, 3aMaéT pa3MeTKy
rpada. Takas pasmMeTka MO3BOJISET ObICTPEE BBIMOJIHATH MAPAJUICTIHHOE BHIUMUCIICHUE
TpeOyeMoil (QYHKIMM C TOMOIIBIO alIropuT™Ma myibcanuu. Pasmerka rpada
BBITIONTHSETCS 32 Bpemsi mopsaka n/k+D, a Beruncnenue GyHKIUM — 3a BpeMs
mopsiaka D.

B anroputme mysbcaluy cHadana OT aBTOMAara BbIJICJICHHOW Ha4ajlbHOW BEPILUHEI
(kopHsi) 1o Bcemy rpady paCHpPOCTPAHSIOTCS COOOIICHHUS-BONPOCHI, KOTOPHIE
JIOJDKHBI JIOCTUTHYTh KaXKJOH BEpIIMHBL. A 3aTeM OT KaXAOH BEpIIUHBI «B

06paTHyIO CTOPOHY» K KOPHIO [BUI'AalOTCA COO6H.[CHI/I$['OTBCTBI. C IIOMOIIIBIO
4
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ATOPUTMa MYJIbCALUH MOXHO MapajIeNbHO BBIYHUCITH JHOOYI0 (YHKIHIO OT
MyJIbTUMHOXKECTBA 3HAYCHHM, 3aMHCAHHBIX B MaMATH ABTOMATOB IO BCEM
BepinrHaM rpada (Mbl OyIeM TOBOPHTH «3allMCAHHBIX B BEpLIMHAX»). BoT nwiub
HECKOJIBKO MPUMEPOB TaKUX (QyHKIHIA:

1. MakciMyM YHCe, 3aMMCaHHBIX B BEPIIHHAX Tpada.

2. B Oonee oOmeM Buae BMECTO MaKCHMyMa MOXKHO HCIIOJIBb30BaTh
100y10 KOMMYTaTHBHYIO M aCCOLIMATUBHYIO ONEPAIMIO Hajl YHCIIAMH:
MHUHHMYM, CIIOXKEHHE, IPOU3BEICHHUE H T.1I.

3. YacTHbIE CITy4au: YHCIIO BEPIIMH B rpade, eclii B KaX0il BepIInHEe
3anucath «l», W 4YWciIo Ayr B rpade, ecIM B KaKIOHW BeplINHE
3aIHCATh YHUCIIO BBIXOASIINX JIYT.

4. JM3bIOHKINS JTOTUYECKUX 3HAUCHHUI, 3aICAaHHBIX B BEpIIMHAX rpada.

5. B Gonee oOmieM BHIE BMECTO IM3BIOHKIIMUA MOXKHO HCIIOJIb30BaTh
TO0YI0 KOMMYTATHBHYIO W aCCOLIMATHUBHYK) OINCpalHi0  Hal
JIOTMYECKUMH 3HAUCHUSIMHU: KOHBIOHKINIO, KBUBAJICHTHOCTD H T.JI.

6. B emg Gonee o0IieM BUIE BMECTO YHCEI HJIM JIOTHYCCKHX 3HAYCHHH
MOXKHO HCHOJIB30BaTh JIOOBIC 3HAUCHHUS U JIIOOBIE KOMMYTATHBHBIC U
acCOIMATHBHBIC OIePaLly Hall HUMH.

7. CpenHee apudMeTHYECKOe, CpeJHEe I'eOMETPUYSCKOE HIIH CpelHee
KBaJIpaTHYHOE OT YKCElI, 3aIIMCAHHbIX B BepLIMHAX rpada.

Bropoe HampaBiieHue [2] — 3T0 uccne0BaHNe TMHAMUYECKH MEHSIOIIErocs rpada.
HccnenoBanne MPOBOOUTCS TAaKKe C MOMOIIBIO ABTOMATOB, HAXOJIALIMXCS B
BepIIMHaX Tpada ¥ OOMCHHBAIOMIMXCS MEXIy CO0OH  COOOIICHUIAMH,
nepeaaBaeMbIMH 110 Ayram rpada B HanpaBleHHH MX OpPUEHTAlMH. EMKoCTh ayru

npeamnonaraercss paBHoW 1. OcoOGeHHOCTH B TOM, 4YTO JAyru Tpada MOTYT
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JUHAMHYECKH M3MEHSATBCS: MOSBISITHCS, UCUE3aTh WJIM MEHSTH CBOIO KOHEYHYIO
BepimHy. [Ipy ncue3sHOBeHNHU IyTHU MepeiaBacMoe 10 Hell COOOLIeHUe TepsieTcs, a
IIPY CMEHE KOHIIA JIyTH COoOOIIeHIe TI0aJaeT B HOBYIO KOHEUHYIO BEPIINHY.
[ToHsTHO, YTO eciM BpeMs CYIIECTBOBAHHUS Iyr'H 0 €€ MCUE3HOBEHHMS WM CMEHEI
KOHIIA CIIMIIKOM MaJlo, cooOlleHHe, IepeaaBaeMoe MO Heil, rmorepseTcs Wi He
OyzmeT mepeJaHo B «HYXKHYIO» BepiinHy. I103TOMy XOTsi Obl HEKOTOpPBIC IyrH
JIOJDKHBI OBITh «JIOJTOXKHUBYIUMI», YTOOBI 32 BpeMsl CYIIECTBOBAHUS TaKO#l Jyru
M0 HEeW MOTJIO MPOHTH XOTSA OBl OHO cooOmeHne. s Toro 94ToOBl MOXKHO OBLIO
uccie0BaTh Bech rpad, JA0cTaTouHo, YTOOBI B KAXKABI MOMEHT BPEMEHHU TaKue
JIOJITOKMBYIIHE IyTH 00pa30BBIBAJIM CHIILHO CBSI3HBII cyrpad.

B [2] uenbio uccnenoBanus rpada HazBaH cOop mosiHON uHbOpManuu o rpade B
kopHe rpada. Takas uHdopMaIMs npeCcTaBIsieT CO00H HAOOp OMHMCAHMIA BCEX AYT
rpada. OJHAKO, MOCKOJbKY rpad) JAWHAMHYCCKH MEHSCTCS, MBI HE MOXKEM
rapaHTHpOBaTh, YTO OMHMCAHHs TEKYLIEro COCTOSHMS BCEX €ro AYr OTPaKeHbI B
KOpHE: COOOILICHUS O TOCIEeIHMX W3MEHEHHMSX AYr MOTYT IIPOCTO HE JIOWTH JIO
kopHsi. [ToaToMy TpeOyeTcs TOJBKO, YTOOBI 4Yepe3 BpeMsi, OrPAaHUYECHHOE CBEpPXY
BEITMYHUHOM Ty, MOCIIe M3MEHEHHUs IyTH KOpeHb rpada «y3Ham» 06 3ToM wim Oojee
MO3[HEM HM3MEHeHWH Iyru. Ecinu mocie AaHHOro HW3MEHEHHUs ayra Oosblie He
MEeHsIeTCs, 110 KpaiiHeil Mepe, B TeueHHe BpEMEHH g, TO B KOPHE OyJeT NpaBHiIbHOE
onucaHue 3Toi ayru. Eciu B Kakoi-TO MOMEHT BpeMEHH BCE M3MEHEHUs B rpade
NPEKpaIaoTcs, TO Yepe3 BpeMs, OIPaHMYCHHOE CBEPXY BEIMYHMHOM T;, B KOpHE
OKaXXETCsI MIOJTHOE ONMCaHHWEe COCTOSHMS Tpada mocie npekpalieHns n3MeHeHui. B
[2] npeasnoxen anroput™ ucciepoBaHus rpada ¢ ouenkamu 1,=0(n) u T;=0(D),

rae D — muameTtp rpada mocine npekpanieHus U3MEHEHHH.
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B nanHO# paboTe MBI MOMBITAIUCH COBMECTHTH UCIO MTAPAJUICIBHOTO BEIYMCICHUS
Ha rpade u3 [1] u unero ucciaeaoBaHus JUHAMHYECKH MeHsrolierocs rpada us [2].
B pasmene 2 kpaTko wu3naraeTcsi TEOpHWsl arperaTHbIX (YHKIMA M arperaTHbIX
pacumpennii GyHKuit. Pasmen 3 comepKUT MOCTaHOBKY 3a/1a4yd, B TOM YHUCIIE, BCE
MIPEATNONOKEHNST M OTPaHWYCHHS Ha YCTPOHCTBO rpada, paboTy aBTOMAaTOB M
repenady cooOmeHuit. [Ipy 3THX TpeAroNoKeHNAX W OTPaHNYCHUSX B pazmene 4
omuchIBaeTcs oOmas wuaesd anropurMa. QDopMasbHOE OINMCAHWUE ANTOPHUTMA
NPUBEJCHO B pasfelie 5, a JOKa3aTesJbCTBO MPAaBUIBHOCTH PAaOOTHl alropUTMa, a
TaK)Ke OICHKAa BPEMEHHM palbOThl alropuTMa, pa3MEpoB MaMsITH aBToMaTa |

COOOLICHHH IPUBEICHEI B paszeie 6.

2. AepezamHble (YyHKUUU U azpez2amHble pacWupeHust
hyHKYUl

AJTOPUTM TyJIbCALUH, TI0 CYTH, BBIYUCISET arperatHbie QYHKIHH, Ui KOTOPBIX
3HauyeHne (QYHKUUH OT OOBEAMHEHHS MYJIBTUMHOXECTB BBIUUCISIETCS 110
3HAYEHUAM QYHKIMH OT 3THX MYJIbTUMHOXKecTB. B [1] MBI mamu ¢opmansHoe
orpe/iesieHUe arperaTHoi pyHKIIMH, JOKa3aJId KPUTEPHU arperaTHOCTH M MOKa3aly,
yro mrobast ¢yHkums F mMeer arperarHoe pacIIMpeHHE, TO €CTh MOXKET OBITh
BbIYMCIIEHa Kak kommo3uuust pynkumit HG, rne G arperarnas ¢ynkuus. Taxoke
NOKa3aJi, 4YTO CYIIECTBYeT M €JUHCTBEHHOE MMHHUMaIbHOE arperatHoe
pacuMpenye, BBIYMCIIIONIEE MUHMMYM HH(GOPMALMH, TI0 KOTOPOH elle MOKHO
BOCCTaHOBHUTh (¢yHKIMI0O F. Orta Teopust arperaTHbIX (QYHKIUKA —SBISETCS
MoAu(UKAIHeH TeOpuM WHAYKTUBHBIX (yHkmwui B [11]. 3mecs MBI MOBTOPHM
OTIpeIeNICHusI U yTBepskaeHns 3 [1], omycTnB noka3arenbCTaa.

Hanee paccmarpuBaioTcs (YHKIMH HA KOHEYHBIX MYJIBTUMHOXKECTBAX W3

3JIEMEHTOB 0a30BOT0 MHOKecTBa X. MHOKECTBO BCEX KOHEUHBIX MYJIBTUMHOXECTB
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U3 S7eMeHToB X 0003HAauaeTcs, Kak M Bbume, depes X'. Ilox omeparmsmu
00beANHEHNS, TIepeCeUeHUs], JOTIOJIHEHNUS U TIP. JlaJiee MOpa3yMeBarOTCs OIIepaLuy
Ha MYJbTHMHOXXECTBAX, T.C., YYHTHIBAIOLIME KpaTHOCTH 3ieMeHToB. Yepes N
0003HaYNM MHOXKECTBO HATYPaIbHBIX YHCEIL.

Azpezamuas ¢ynxyus G:X* —B — 910 Takas GyHKIMA, UTO

FE:BxB—B vabeX’ G(ach) = E(G(a),G(b)).

3ameuanue 2.1: Jlns arperarnoii ¢yHkumu G BbimonHeHo ciepyromiee: YreN
FE,: BB vay,...a eX G(Aai | 1 <i<1}) = E(G(a),...G(a,)).

Yreepxknenue 2.1: @yHKIuA G:X* B apnsercs arperaTHOW TOTJa W TOJILKO TOT/IA,

xorma YabeXt vxeX G(a) = G(b) = Gax}) = G(bAxX}).

Sameuanue 2.2: U3 yreepxaenns 2.1 cuenyer, uro G : X' —»B seusercs arperatHoii
TOTIa U TONBKO TOraa, Koraa G : BxX—B raeX’ xeX G(afx}) = G'(G(a), X).
JetictBuTensHO, octatouno onpeaenuts G (G(a), X) = E(G(a), G({x})).
Azpezammuvin pacuwupenuem Gynxumn F:X*—A HazoBém arperaTHyio (yHKIHIO
G:X" B, takyio, uto FH : B—A vaeX’ F(a) = H(G(a)).

Arperataoe pactmperne G : X' 5B dyukuun F : X*—>A HazsoBéM munumansubim,
ecmt G(X) =B u vG : X*»C sBusomero arperatusiv pacmmpenneM F uMeer
mecro i : C—>B G =iG'.

3ameuanne 2.3: ArperatHoe pacmmpenne G ¢ynkuum F npencrasisier co0oit
arperaTHyio (yHKIHIO, IT0 KOTOPOH MOXXHO BBHIYHCHNTH (pyHKImio F. IIpu stom
BO3MOXHBI TaKHE PACIIUPEHHUS, KOTOpPbIE HA MNPAKTUKE HE IIOMOTAlOT B 3TOM,
HATIPEMEp, MOXKHO B3ATh B KadectBe G ToxaecTBeHHYI0 (yHKumio Ha X', a B

kagyectBe H — camy ¢ynakmmto F. UtoObl m30ekaTh TaKoro, HCIOIB3YETCS
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MUHUMAJIBHOC arperaTHoe€ paclIMpeHUC; MHTYUTHBHO, 3TO arperatHas (l)yHKHI/IH,

BbIYUCIAONIAs MUHUMYM I/IH(l)OpMaHI/II/I, 1o KOTOpOI7[ €11¢ MOXXHO BOCCTaAaHOBHUTH F.

YrBepkaenue 2.2: MuHHMMaJbHOE arperatHoe pacuIMpeHue J000d (QyHKuMU

F: X" A cymecTByer ¥ eIMHCTBEHHO C TOYHOCTHIO JO B3AMMHO OHO3HAYHBIX

OTOOpaKEHUIA.

3ameyanne 2.4. IlpuMmepbl MHHHMAILHOIO arperatHoro pacimupeHus (m -—

TIPOEKIINS KOPTEKA Ha i-bIif KOMITOHCHT).

o Jlus GyHKIHH BBIYHCIICHUSI CpeIHero aprupMeTHIECKOTO
F(ay,...,a,) = (@;+...+a,)/n  MUHMMaIBHBIM  arperaTHbIM  PacIIUPEHHEM
seistercs pyukuus G(ay,...,a,) = (ai+...+a,, n); F = 7,G / 7,G.

o Jlus GyHKIHH BBIYHCIICHUSI CpEIHEro T€OMETPUIECKOTO
F(ay,...,an) = "V(ay-...-a,) MEHEMAIBHBIM arperaTHbIM PACIIHPEHHEM SBISCTCS
dyukums G(ay,...,a) = (@s-...-an, n); F = 2% Vr,G.

o Jlms byHKIHH BBIIHCIICHUSI CpeHero KBa/IPaTHIHOTO
F(ay,...,an) = V((a*+...+a,%)/n) MHUHHMAIBHBIM arperaTHBIM pACIIHPCHHEM
sBisierest byskius G(ay, ..., a,) = (i *+...+a.%, n); F = V(mG / 1,G).

Urak, kaxayo dyskmmo F:X—A moxno npeacrasuts B Buge F(a) = H(G(a)) u

vhcexX’  G(bee) = E(G(b),G(c)).  Pasbuenuem  mynsrumHoxectBa b eX

HasbIBacTCst HAOOP Dy,...,b; ero moaMHOXKeECTB, 0OBEAMHEHIE KOTOPBIX COBIANACT C

b: b=bjL..Cb,. Bymem roBoputh, UTO 3aMaHO GIOJNCEHHOE pa3OuUeHUe

MYJIETHMHOIKECTBA beX?, ecnu 3amano ero pazbuenue by,...,b, u musg xaxmoro e

CHHIJIETOHHOTO (CoepsKamero 0ojice OJHOTO DJIEMEHTa) MYJIbTHMHOXKECTBA  bj

TaKXKe 3a/IaH0 BJIOKEHHOE pazOmenune. Torma, eciu 3aJaHO BIOXKEHHOE pa3OHeHHe

MyJIbTHMHOKeCTBA aeX’, To BbluncieHHe (yHKUEM F(A) MOXKHO BBIIOJIHHTH

crenyromM o6pazom. CHavana BBIYHCIAIOTCS 3HadeHus G(X) it KakIoro X ea
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(6e3 yuéra xpatHoctH). [anee, yuuthiBas 3amedanue 2.1, Ui KaKJOrO 3JIEMEHTA
b=b;,U...Cb, BIIO’KEHHOTO pazbueHus BBIYHCIISIETCS 3HAYCHHE
G(b) = E/(G(by),...,G(b,)). TIpu sToM cama GyHKIHMS E, MOXET BBIYHMCIATHCS
UTEPAaTHBHO ¢ momomiplo (yHkuud E: mas r>2 umeem E(G(b,),....G(b)) =
E(E..1(G(by),...,G(by.1)),G(b))). ITocne Toro, kak Gymer monydeHo 3Hadenue G(a),

BBIYHCIISIETCS HCKOMBIi pe3ynbTat F(a) = H(G(a)).

3. NocmaHoeka 3ada4yu

IlocranoBka  3ajaud  COBMENIAET  IPEAIOJIONKEHHS M OrpaHUYCHUS,
chopmynupoBanubsie B [1] u [2], ¢ Tpems OTAMYMAMHU, KOTOPBIE MBI CIICHHATIEHO
OTOBOPHM.

PaccmarpuBaeTcsi OpHEHTHpPOBaHHBI Tpad ¢ N BeplIMHAMH W M JAyrami.
MHOXecTBO BepIMH 0003HauMM depe3 V, ofHa W3 BepmHMH VoV BbIACIEHA U
Ha3bIBaeTcsl kopHem. IlycTh Taxke 3aJaH HEKOTOPBIH andaBuT X, MHOXECTBO BCEX
KOHEUHBIX MYJIBTHMHOKECTB U3 DJIeMEHTOB X 0G03Ha4nM uepes X'. ByneM cautarts,
4ro 3amaHa GyHkuus ( : V—>X. MyJIpTHMHOXECTBO, 00pasyeMoe 3HaueHus MU (V)
BO BCeX BepimHax rpada, ob6osmaunm uepes ((V)eX®. Il moGoit dyHKImn
F:X* A tpebyercs Berumcints 3mauenne F(q(V)). Kak nokasano B pasgene 2
GbyHKIHMIO MOXKHO mpeactaBuTh B Bume F=HG, rme G : X* 5B — MunMMabHOE
arperatHoe pacmmpenne, u H:B—>A. Ilpu stoM cymectByer Takas (GyHKIHA
E : BXB—B, uro va,beX’ G(acb) = E(G(a),G(b)).

BBIUKCIICHUs BBIMOIHSAIOTCS aBTOMATaMM, HAXOMAIIMMHUCS B BepUIMHAX Tpada u
0OMEHMBAIOLINXCSL MEXIy co00M coobuienusiMu 1o nayram rpada. Muorma s
KPAaTKOCTH MBI OylleM BMECTO «aBTOMAT BEPLIMHBI» IHUCATh HMPOCTO «BEPLIMHAY,

€CJIn 3TO HE NMPUBOAUT K HEAOPAZYMEHMUIM. ABTOMAT B BEPIIUHE MOXKET I10CIIATh

10
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COOOIICHNE MO JIFO00H M3 BBIXOIIINUX AYT W MPHHATH COOOIICHUE IO JH00H u3
BXOJSIIUX Jyr. ABTOMAT HauWHAaeT paboTaTh, MOJy4as IEPBOE COOOIICHHE O
BXozsmiei nyre. Kopens monyuaer nepBoe coobmienue «Cmapm» u3BHE rpada, 310
COOOIIeHNEe WHUIMHPYET PaldOTy aJrOpUTMa Pa3METKH; B OTBETHOM COOOIICHHUH
«l'omosé k pabome» KOPEHb W3BEIIACT O 3aBEPIICHUH Pa3METKH M TOTOBHOCTH K
BBIYHCIICHUIO (DYHKIIHH.

Brruncenne (yHKOWHM BBIIOMHSETCS B airoputMme mynbcamun. OHO Takke
WHUIIAAPYETCSI H3BHE C TIOMOIIBI0 COOOMIEHUS «Bonpoc», HaIpaBIseMOTro B KOPEHb
u conepxamiero onucanne pynkuuu F: H,G,E. Korna xopesp BeUncseT 3HaueHNE
oyukunn F(q(V)), oH mockutaeT BOBHE cooOiieHne «Omeem», comepiKaiiee
BBIYUCIICHHOC 3HAYCHUE M 03HAYAIOIIEE TOTOBHOCTH MPHUHATH CICIYIOIIUI BOIIPOC.
Mur 6y)leM npe)monaraTb, qToO COO6IJleHl/l}I HU3BHEC l'lpl/lXO[lﬂT TOJIBKO B KOpeHL, a HE
B KaKyr-HUOY/Ib JPYTYIO BEPIIUHY.

ABTOMAT B BepIIIMHE V MOXET y3HATh 3HaueHue ((V) ¢ MOMOIIbI0 MpUMUTHBA «/[ail
snauenue». Kaxnas  BepIIMHA  MMeeT  YHUKANbHBIM  (Cpeau  BEpIINH)
uoenmuguxamop 6epuiunvl. ABTOMAT MOXET Yy3HATH HICHTH(UKATOP CBOCH
BEPIIUHBI C TOMOIIBI0 IPUMHUTHBA «/]ail udeHmuguxamop».

Bce ayru, BeIXOAAIINE W3 BEPUIMHBEL, TEPESHYMEPOBAHbBI, HauWHAs ¢ HoMepa 1 1o
HAMOOJIBIIEI0 HOMEPA, HE TPEBOCXOSIIETO HEKOTOPOro yucia S. O4eBuIHO, S <M.
Jyra omHO3HaYHO UneHTH(GHUIUpPYETCs Mapoi (MaeHTH(GUKATOp HaYaia IyTH, HOMep
JIyT'H), KOTOPYIO MBI OyJeM Ha3bIBaTh udermugukamop oyeu. Yucno ayr m — 3to
YHUCIIO PA3JIUYHBIX HICHTU(UKATOPOB AYT B Tpade.

ABTOMaT, MOCKUIAst COODIIEHHE 0 Jyre, YKaspiBaeT e€ Homep. B ommmuue ot [1] u
Tax ke KaK B [2], MbI Oygem cuuraTh, 4to EMKOCTH ayru kK=1. D10 nmepBoe oTanywe.

OHO 00BsACHSETCS TEM, UTO Trpad) MOKET JHHAMHYECKH MEHATHCS, U TapaHTHPYeTCs

11
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nepejaya IO JAyre TOJNBKO OJHOTO COOOINEHHs, IOCJIE YEro Jayra MOKET
U3MEHHTHCS, W Ja)KEe 3TO TapaHTUPYETCS HE JUIS BCEX IYI, KaK OMHMCAHO HIKE.
[TosTOMY B HAMXY/IIIEM CITyYae, AJIs KOTOPOTO M JENAeTCs OLCHKA BPEMEHU paboThI
anmroput™a, ciaydan k>1 u k=1 He oTimuarorcs. MueiMu ciioBamu, naxe eciau k>1,
aBTOMAr He OyIeT TOCHIIATH IO JAyre COOOIICHHUE IO TEX 0P, MOKa MpeAbIayIce
COODIIEHHE MTPOIOIDKAET TIepeaBaThCs Mo ayre. bymeM ToBOpHTE, UTO JyTa 3aHATA,
eciim 1o Hell mepemaércs coobOmenme. Wuade myra cBobomna. CooOmieHme
MOCHIIAETCS TOJBKO MO CBOOOIHOM ayre. B camMom Hauane Bce Ayrd CBOOOIHBI.
Korma coo0Ienune nepeaano mo ayre, Hayauo AyTH U3BEIMAETCS 06 3TOM CUTHAIOM
oce0b0dicoenus nyru (cuenan O) ¢ mapaMeTpoM HOMEp IyTH.

I'pad moxeT nUHAMHYECKM MEHSTBCS, NMPUYEM BEPLIMHBI HE MEHSIOTCS, a Jyrd

MOTYT U3MEHSTRLCS CICIYIOIUM 00pa3oMm:

L ,Z[yra MOXCT IIOSABUTLCA, O yéM Hayayio AYTU WU3BEHIACTCA CUTHAJIOM

nosienenuss 1yru (cuenan I1) ¢ mapaMeTpoM HOMED JyTH.

e Jlyra MoxeT ucuesHyTb. Eciu 1o ayre nepenaBanoch cooOlieHHe, TO OHO
npomagaeT, XU B ATOM ClIydae HAdajgo JYI'd H3BEIIAeTCs] CHUTHAJIOM
ucuesnogenus nyru (cuenan M) ¢ mapaMeTpoM HOMEp AYTH. 3aMETHUM, YTO
€CII TI0 JIyTe HUKaKOTO COOOIIeHMs HE ITepelaBajioch, TO curHama U He
Oyz#er; OOHAKO €CNM BEpUIMHA TMOIBITACTCA IOCTATh COOOMICHHE IO
WCYE3HYBILEH Iyre, COOOmEeHne He OyAeT IepeIaHo, a BepIIuHa MOTYIHUT

cur"ain Y.

e Jlyra MOKET IOMEHSTH CBOW KOHEII; B 3TOM CITydac HHKaKHX CHT'HAJIOB HE
MIPETYCMOTPEHO.
W3-3a TOTO, YTO AYTH MOTYT MCUE3aTh H MOSBISATHCS, HOMEpa YT, BEIXOIIIINX W3

OJIHOW BEpINMHBI U HUMEIOIHUXCS (MOSBUBIIMXCSA W HE HMCUE3HYBIINX) B JaHHBIN

12
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MOMEHT BpEMEHH, MOTYT HITH HE MOIpPSN, T.e. HE OOpPa30BBIBATH OTPE30K
HaTypaJIbHOTO PsJia, HO B JIIOOOM Cilydae OHHU pacliojiararoTcsi Ha oTpeske ot 1 1o S.
Utak, ecnu He cYMTaTh MICHTH()HUKATOPA BEPIIUHBI V U 3HaueHus ((V), KOTOpbIe
aBTOMAT IOJIy4aeT C IMIOMOIIBI0 COOTBETCTBYIOIIUX TPUMHUTHBOB, BXOJIHBIMH
CUMBOJIaMH aBTOMaTa, HAXOJIIIErocs B BEpILIMHE, SBJSIOTCS CUTHAJIBI OT AYT,
BBIXOJSIIINX W3 BEPIIMHBI, W COOOIICHHUS, MOJydaeMble MO JAyraM, BXOISIINM B
BepmnHy. CpabaThiBaHHE aBTOMaTa — 3TO 00pabOTKa OJHOTO TAaKOTO BXOIHOTO
cuMBOJAa. MpI OymeM mpeanonaraTh, 4YTO BXOJHBIE CHMBOJBI, Kak IIPaBHIIO,
MOCTYNIAIOT B aBTOMAT B TOPSIKE WX BO3HUKHOBEHHS. OTO O03HAYaeT, dYTO
CYHIECTBYET OUCPEIb BXOAHBIX CUMBOJIOB aBTOMATA.

Curaan O BeIpabOaThIBacTCA HE TOTIa, KOTZA COOOMICHWE CTaBUTCA B OYepenb
BXOJIHBIX CHMBOJIOB, & TOTJa, KOTJ]a OHO BBHIOMPAETCS M3 3TOW OYepeId aBTOMATOM
KoHUa ayru. [1o3TOMy TONBKO TOCHE TOro, Kak cooOlieHHe OyneT IpUHSITO
ABTOMATOM KOHIIA JyTH, 1O 3TOH ayre OyJeT MOCJIaHO cleayroliee cooOlIeHue, a
emeé mo3xke OHO OyAeT MOCTaBIeHO B odepe]s B KoHIe nyru. CienoBaTenbHO, B
ouepenr BXOIHBIX CHMBOJIOB MOXET OBITh He OoJiee OJHOTO COOOIICHWS IS
KaXJ0M BXoasauei 1yru.

Ecnu curHam oT HEKOTOpOW BBIXOASINEH JYrd BBIpA0ATHIBACTCS B TOT MOMEHT
BPEMEHH, KOTJa MPEIbIAYLUIMHA CHUTHAI OT 3TOM AYrd emé HaXOOAUTCS B ouepenu
BXOJHBIX CHMBOJIOB, TO HOBBIM CHTHAJI HE CTaBUTCS B KOHEIl OYEpPE/H, a 3aMeIaeT
co0oi crapbelii curHas. MOXXHO OTMETHTh, YTO TAKUM HOBBIM CHTHAJIOM MOJKET
OBbITh TOJBKO curHa I1.

HckimroueHneM sSBISIeTCsl CITydaid, Koria cTapblii curaai — 3to curdan O. B oTimane
ot [2] curnan O ue 3amemaercs curHanom I1: B ouepenu ocrtaércs curnan O, a

curHan Il urHopupyercs. DTo BTOpoe oTamume. B [2] 3amemenue curnama O
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curtaiom I1 nHpOpMUpOBaNO aBTOMAT Hayana Jyrd O TOM, YTO Jyra U3MEHUIIACH:
ucye3sla M CHOBa NOSBHIACh. OTO OBUIO BaKHO, ITIOCKOJNBKY CTaBHJIAch IIEJb
MOHHTOPHHIAa JMHaMHYeCKoro Trpada, T.e. HYKHO OBUIO OTCIECKHBAaTh BCE
W3MEHEeHHA eTo Iyr. B manHO# paboTe y Hac HET TaKOH LeJH, 3aTO HY)KHO, YTOOBI
aBTOMAT B HayaJle Jyr'd MOT y3HaTb, JOILIO COOOMIEHHUE, TOCTAHHOE 110 IyTe, N0 €&
KOHIIa WJI TPOMago. JTO UCIONb3YETCs B alTOPUTME Pa3METKH JUIS TOTO, YTOOBI
OTIpeNIeINTh MOMEHT 3aBeplIeHUs cOopa mMH(opMammu O BCeX BepmnHaX rpada
(moapobuee cMoTpu Hinke B moapasnene 4.3). Ecinu kak B [2] curnan O 3amemniaeTcs
curaiom II, aBTomMar B Havane Iyru He pas3inyaeT cleayloliue Ba ciydas. 1)
CooOrieHre onuio 10 KOHIA OyTH, creHepupoBaH curHan O; 10 ero o0paboTKu
nyra ucuesaer (curHaima M Her, Tak Kak Ha Ayre HET COOOILIEHHUs), a 3areM
nosieysiercst: curHan I1 3ameraer curuan O. 2) CooOlineHne mpornagaeT, Tak Kak
nyra wucdezaer. [enepupyercs curaan UW. Jlo ero o0OpaboTku myra CHOBa
mosiBisieTcst, ¥ curHan I1 3amemaer coboii curaan . B oboux ciydasx aBTOMar
Havajla JyTW Homydut curHain II, ogHako B 1-oM ciydae cooOIIeHME OMIIO 0
KOHIIa IyTH, a BO 2-OM ciy4ae npomaio. Mrak, B [2] 3amelneHne CHTrHAIOB
mpoucxonut 1o cxeme «I[I+[1—-I1, U+I1->I1, O+I1—>II», a B manHOi#i paboTte — MmO

cxeme «I[I+I1—II, U+TI-II, O+I1—->0».

3ameTuM, 4TO eciid Obl HAM HYXKHO ObUIO OTCJICKHMBATh BCE M3MEHEHHS YT Kak B
[2] u rapaHTHpOBaHHO OMpENEIATH MPOXOXICHHE COOOIUIEHWS MO Jyre, Kak B
JIAHHO# padoTe, TO Hy»)HO ObLTO OBl coxpaHuTh 00a curHana: O u I[1. Curnan O npu
NOsIBJIEHUH cUrHaiga Il  HyxHO ObUIO OBl 3aMellaTh HOBBIM CHIHAJIOM
«0c80002COeHUetnos6IeHUe), KOTOPhIi UHPOPMHUPOBaI Obl HAYaIO JYTH Kak O
TOM, YTO COOOILICHHE IONULIO M0 KOHIA JYrH, TaK B O TOM, YTO MOCIE 3TOrO ayra

HU3MCHMJIACh: UCUYEC3JIa U CHOBA IIOABUJIACH.
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W3-3a 3aMelIcHUs CUTHAJIOB OT OJHOM BBIXOJAIICH YT B OYEPEIH BXOJHBIX
CHUMBOJIOB MOXET OBITh HE 0OJIee OJJHOTO CHTHAJIA JJIST Ka)IOW BBIXOMSIICH TyTH.
Tem caMbIM, JUIMHA O4YepeIU BXOIHBIX CHMBOJIOB aBTOMAara HE IPEBOCXOJIHUT
CTETIeHH BEPINHMHEBI, TO €CTh He Goibire 2m (2m mocturaercs s =1, korma Bce
OYr'd — TETIH, TOCKOJNBKY METIsl CYMUTAeTCs JBa pa3a: Kak BXOIsIas — M
COOOIICHNH M KaK BBIXOMSINAS — JIJISl CHTHAJIOB).

O603H29nM uepe3 T, MaKCHMAIBHOE BpeMs, 32 KOTOpoe HH(pOpMAIHs, IMEIOIIasiCs
B HEKOTOPO# BepiiuHe &, moxomut 1o BepumHbl b, u T = max{T,, | a,beV}. dns
TOro YTOOBI BpeMs T OBUIO KOHCYHBIM, HYXKHO, 4YTOOBI COOOINCHHS MOTIH
pacrnpocTpaHaThes 0 rpady, T0XO0IsS OT KaXKI0H BEPIIMHBI @ IO KaXKIOH BEPIIUHBI
b. Jlnst aTOro HyXHO, 4TOOBI BpeMsi X MEPECHUIKU COOOMICHHUS TI0 Jyre U Bpems Y
cpabaTbIBaHMs aBTOMara ObUTH KOHE4HBIMH. KpoMe Toro, apems Z cywecmseosanust
JYTH, T.€. BpeMsl OT IOSIBJICHUs [yI'H WIA U3MEHEHHs e€ KOHIA 70 UCUC3HOBEHUS
JYT'H WIA U3MEHEHHs e€ KOHIIA, JOJDKHO OBITh JIOCTATOYHO BEJIUKO, YTOOBI 1O Jyre
yCIeBalIo MPOMTH XOTst Obl 0JJHO cooOIIeHre. TakKuMH «IOITOKUBYIIUMI» TyraMu
MOTYT OBITh HE BCE IYIH: JOCTATOYHO, YTOOBI B KaXKIbIH MOMEHT BpEMEHH
«ONTOKMBYILUEY» JIyTH TMOPOXKAAIM CHIBHO CBs3HBIN cyrpad (moarpad,
COJIeprKallliii BCe BEPIINHEI rpada).

JJiss OrpaHUYEHHOCTH BPEMEHH 1 HEOOXOIUMO, YTOOBI X U Y OBLIM OrpaHUYCHBI
cBepxy: X <X muy <Y, az- cHu3y: Z >Z. Brelpa3um 3Ty HIKHIOIO TpaHuIy Z depes
X u Y. CoolOmenne MOXHO MOCBUIATH IO Ayre cpaszy Ioclie TOro, Kak OHa
nosiBWiIach Wi ocBoboamnack (curHaisl I1, O). OgHako B 3TOT MOMEHT BpEeMEHH
curnai I1 wiu O emé TOJIBKO CTABUTCS BO BXOIHYIO OYepE/Ib CUMBOJIOB aBTOMATa
Hayaja Iyrd, JJIMHA KOTOpPOW MOkeT jgocturate 2m. Iloatomy cooOuieHue

IMOoChbIIACTCA IO AYTre HE Cpasdy, a 4€pe3 BpEMs, KOTOPOEC MOKET AOCTUTAThH 2my.
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CnenoBaTenpHo, cooOlieHue NOHAET OO KOHIA IyrM U OyAeT MOCTaBICHO BO
BXOJIHYIO O4epellb CHMBOJIOB aBTOMaTa KOHIA IyT'M Yepe3 BpeMs, KOTOPOE MOXKET
Joctarath 2mY+X, eciy B TEYSHHE STOrO BPEMEHM Jyra He MeHsuack. [loaTomy
Oymem mpeamonaraTb, 4YTO HIDKHAS TPAaHUIA BPEMEHH  CYIIECTBOBAHHS

«IONTOXUBYLIHX» IyT Z =>2mY+X.

Jlist OLleHKHM BpEeMEHHU paboThl alirOpUTMa Mbl OyAeM JUIsi TPOCTOTHI MPENoarars,
YTO BPEMEHEM CpadaThIBaHWs aBTOMAaTa MOXHO IpeHeOpeus, To ecth Y=0, Bpems
MEePeChUIKM TI0 Jyre He TnpeBocxoautr 1 Takta, TO ecTh X=1, a Bpems
CYIICCTBOBAHUS «JOJTOKUBYILECIH» JYI'M MOXET OBITh MHHUMAIBHO, TO €CTh
Z=2mY+X=1.

Taxke kak B [2] mpenmnonaraercs, 4To B HaYajdbHbI MOMEHT BPEMEHH B KaXKIOM
BEpIIMHE HUMEETCS aBTOMAT B HAYAJLHOM COCTOSHUHM, W JUIS KaXIOH IyrH,
uMmerolneiics B rpade B HAYaIbHBIH MOMEHT BpeMEHH, BoipadoTa curnai [1. Tpetbe
oTIIN4Ke OT [2] — MOHATHE HAYAIBHON JyTH U MPEAIONIOKEHHE O HAYalbHBIX JTyTrax.
HauansHo#l nyro#t Oymem Ha3piBaTh Takylo ayry a—b, xoropas cymectByer B
HAYaJbHBIII MOMEHT BPEMEHU U KOTOpas HE MEHSCTCS IO TeX IOp, IMOKa IO HEel He
npoiaéT nepsoe coodiienue ot a a0 b. Byaem npennonararte, 4to Kaxjasi BEpUIMHA
JIOCTIDKMMA U3 KOPHS MO HAadabHBIM JTyraMm. HavallbHbIe Jyrd HYKHBI JUIS TOTO,
4TOOBI B QITOPUTME pa3METKH ONpEJIeNsATh MOMEHT 3aBepuieHHs cOopa
nHpopManuu o Bcex BepmmHax rpada. Ilogpobree o0 3ToM OymeT pacckazaHo

HHWKE ITPU ONMMCAHUU aJITOpUTMaA pa3METKH.

16



. bBypnonos, A. Kocaues.

[TapanmenbHbpIe BEIMUCICHHS HAa THHAMAYECKH MEHSIOIEeMcs rpade.

Tpyner UacTHTyTA cucTemMHOTO Tporpammuposanns PAH, Tom 27-2, 2015 r., ISSN
2079-8156, c. 189-220.

32 crp.

4. Ndes1 anzopumma

4.1. PacnpocTtpaHeHue nHcgpopmaumm no auHaMmu4eckomy rpacdy

[Ipennonoxenue O JONTOKHUBYIIMX IyraX TapaHTUPYET BO3MOXHOCTH JOCTaBKH
UHPOPMALUHU U3 JIIOOOW BEPIIMHBI B JIOOYIO BEPINUHY, HO TOJIBKO MPU YCIOBHH,
YTO aBTOMAThl B BEPIIMHAX COONIONAIOT ONPEACICHHYI MUCHUIUIMHY Mepeaadu
COOOIIEHNIA.

1) Kaxnas BepinuHa, MOAYYHUB COOOIIEHHE C JaHHOM WH(OpMAalUei, JOoDKHA
COXpaHUTh €€ B CBOCH MaMsATH M Jajiee MOMELIaTh BO BCE COOOLICHHS, KOTOPbIC
MOCTOSTHHO HY>KHO MOCBUIATH 10 BCEM BBIXOJSIIMM JyraM, KOTja MOsIBJSIETCS TaKast
BO3MOXHOCTH (110 curHaiam O, IT).

Kazanoce Obl, MHPOPMAIMIO MOXHO HE MOCBUIATh MO Jyre MOBTOPHO, OJHAKO
mpuMmep Ha puc. | MOKa3pIBaeT, 4TO B ITOM CIyd4ae HET TapaHTHUH JIOCTaBKH
uHpopManuu. 31ech 3aTeMHEHHBIMU KPYXKKAMH ITOKAa3aHBI BEPIIMHBI, B KOTOPHIC
MOCTYNHIa HOBask WHPOpPMALUs, JBOWHON JIMHUCH MOKa3aHBl TYTH, MO KOTOPHIM
uHpopMaIs yxe Obllla OTIPABICHA U JIONUIA 10 KOHIA ayru. [Ipu nepexone ot m.4
K .5 ayru 1 ¥ 2 MCHSIOT CBOM KOHIIBI, HO MO HUM HH(pOpMAIHs MTOBTOPHO HE

nocsutaercs. V3-3a aToro nH(popmManus He JOCTUTAET BEPIIUHEI C.

Puc. 1. Ilpumep nepacnpocmpanenus ungpopmayuu no epagy.
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2. U3 1-ro TpeboBaHUS HEMOCPEACTBCHHO CICAYET, YTO €CIH M3 BEPIIMHBI HYKHO
mepeaaTh B KAKUE-TO IPYTHE BEPIIUHBI HECKOJIbKO MOPHUN WHPOPMALUHU, TO OHH
JIOJDKHBI TIOCBIIATBCS HE MOCICAOBATEIbHBIMUA COOOIICHHUSIMH, a IMOMEIIAThCS B
OJIHO COOOIIEHHE.

Oty TpeOOBaHUsS IOCTATOYHBI JJIsl TAPAHTUPOBAHHON MOCTaBKH WH(POPMALUU U3
Ka)KI0M BEpIINHBI B K&XIYIO BEPIIMHY, YTO CTPOTO MOKa3aHO B [2] B HECKONBKO
mMeHéHHO ¢dopme (JleMma 5). 3mech MBI TPUBOIUM  JOKa3aTEIbCTBO
aHAJIOTUYHOTO YTBEPKICHUA B HY)KHOI HaM Qopme.

Jlemma 1. ITycTh B HEKOTOpBIi MOMEHT BPEMEHH B HEKOTOPOH BEpIIMHE MMEETCS
HoBas uHpopMmanus. Torga He Gonee yem yepe3 3(N-1) TakToB 3Ta MHGOPMALKS
OyIeT mocTaBlieHa B KaXIyIO BEPIIHHY.

JlokazarenbeTBo. [IycTh B HEKOTOpBIH MOMEHT BpeMeHH A=) — 3TO MHOXECTBO
BEPIIUH, B KOTOPBIX YK€ €CTh HYXHas WHpopManus. B KaKablii MOMEHT BpEeMEHH
cyrpad), TOPOXKIEHHBIH «IOJNTOXHUBYIIUMHI» JYyraMH, CHIBHO CBSI3CH, BpeMs
CYIICCTBOBAHHUS «IOJITOXKHUBYIICH» AYTH HE MEHbINE | TakTa, BpeMs MEPEChUIKU IO
nyre He Oonbire 1 TakTa, a BpeMeHeM cpabaThIBaHHs aBTOMaTa MBI IpeHeOperaem.
Kpowme Toro, B KaX10#l BepIIMHE MTPH HOSABICHUN WIH OCBOOOKICHUH AYTH 110 HEH
cpasy MmochlIaeTcs COOOIIeHHE.

JloxaxkeM ymeepoicoenue o pacuiupenuu MHOXecTBa A: C MOMEHTa BpeMeHH {j,
Korja oOpa3yercs MHOXeCTBO A= u A7V, He Ooliee ueM uepe3 3 TakTa MHOXKECTBO
A Oyzner pacuMpeHo.

O4eBHIHO, YTO MHOKECTBO A MOXKET TOJIKO PACIIUPATHCS (HE MOXKET CYyXKaThes). B
mr000fi MOMEHT BpEMEHH, B TOM 4HCJIE B MOMEHT BpeMeHu t{;+2, nomkHa
CYIIECTBOBATh «IONTOXHUBYIAsS» Iyra P, BeAylas W3 BEPIIUHBI & €A «HAPYXKY»,

T.e. B BepiuuHy b #A. B MoMeHT Bpemenu t;+2 mo ayre p mepenaéres coobrueHue S.
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3T0 coollieHre OTMpPaBICHO M3 & HE paHee MOMeHTa BpemeHu (t+2)-1=t;+1,

MO2TOMY S COACPIKUT HYKHYIO I/IH(l)OpMaHI/IIO. Bo3moxxHBI JBa ciiy4as.

1)

2)

Coobuienue S mouaér no Bepuusbl b. Torga 3To MPOM30HAET HE MO3AHEE
MomenTa Bpemenu (t;+2)+1=t;+3. CrnenoBarensHo, B 3TOM ciiydae He Ooiiee
4eM dYepe3 3 TakTra MOCIE MOMEHTa BpEeMEHH [ MHOxkecTBO A Oymer
pacIIMpeHo.

Coobuienue S He noHAET 10 BepiuuHbl b. DT0 03HauaeT, 4To Ayra P H3MEHHUTCS
JI0 TOTO, KaK TI0 Hel J0 BEpIIHHBI D 10#AET coobimenue S. A TOTa, MOCKOIBKY
P — «IONrOXHBYIUAs» [Iyra, MO HeHl [OODKHO [OMTH 10 BepuuHBl D
npensiayniee coobuierre S'. 1 3T0 JODKHO MPOU30MTH 10 MOMEHTa BPEMEHH
t;+2. TTockombKy COOOIIEHHEe S OTIPABICHO W3 A HE paHEe MOMEHTAa BPEMEHHU
t;+1, coobumenne S° mpuHATO B b He paHee 3TOro e MOMEHTa BpPEMEHH.
CrienoBaTenbHO, cOOOIIEeHHE S* OTIPABJICHO M3 @ HE paHee MOMEHTa BPEMEHH
(t;+1)-1=t;, nostomy S comepur Hy)HYIO HHDOpMalwo. ClieI0BaTENbHO, B
9TOM ciydae He Oojee 4yeM uepe3 2 TakTa MOCIe MOMEHTa BpPEMEHH {;

MHOECTBO A OyJIeT pacIiImpeHo.

HpI/I KaXKJ0M pacliupe€HUur MHOXKCCTBA A B Hero [[06aBH${eTC$I XOTS OBI OJIHa

BepmmHa. [TockonmbKy ¢ camMoro Hawdaga MHOXKECTBO A COIOEPXKHT XOTsSI OBl OJHY

BEpIIMHY, a 00IIee YUCIO BEPIIMH PaBHO N, IMOIyYaeTCs, YTO YUCIIO PACIIUPEHUI

MHO)kectBa A He Gormee N-1. Takum oOpaszom, TpeGyercs He Gomee yem 3(n-1)

TaKTOB, 9TOOBI B KQXKJIOH BEPIIMHE OKa3alach Hy>KHasi HH(POpMAIHSL.

JlemMa noka3zaHa.

4.2. OnTumanbHas pa3mMeTka rpacda

B [1] pasmerka rpada cocrostia W3 IBYX OCTOBHBIX (COAEPIKAILIMX BCE BEPIIUHBI

rpada) IepeBbEB. npsimoe Oepeo, OPUSHTHPOBAHHOE OT KOPHSA, U obOpamHoe
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Oepeso, OPUEHTHPOBaHHOE K KOpHIO. B kaxnoil BepmuHe (KpoMme JHMCTOBBIX
BEPIINH NPSIMOTO JIepeBa) OTMEUYEHBI BBIXOSIIHUE MPSMBbIE AYTH, T.€. AYTH HIPSIMOTO
nepeBa. Tarke B KaXIOW BEpIIMHE, KPOME KOPHS, OTMEUYEHA OJIHA BBIXOJSINAs
oOpaTHast myra, T.e. oyra obparHoro nepesa. Kpome Toro, B KaXnoi BepIIMHE
yCTaHaBIMBAJICS CYETYMK YHCIA BXOAAMMX OOpaTHBIX 1yr. B amropurme
Ty TBCAIAN co001IIeHIe-BOIIPOC, coneprKamee OTIMICaHWe ¢GbyHKIHN,
pacmpocTpaHsioch OT KOpHA MO mpsMoMy aepeBy. OOpaTHOe AepeBO 3amaBaio
BIIOXKCHHOE pa3OueHue mynbTuMHOXecTBa ((V), T.e. OBUIO TpeaHA3HAYCHO IS
cbopa OTBETOB.

JluctoBas BepimHa 0OpaTHOrO JEpeBa, MOJYUYUB BOMPOC, CPa3y K€ BBIYHUCISET
CBOM OTBET M MOCBUIAET €ro Mo BHIXOAsALIeH oOpaTtHOW nayre. BHyTpenHsisi (He
JIMCTOBAs) BEpLIMHA OOpPaTHOrO JiepeBa CHayajla coOMpaeT COOOLIEHHS-OTBETHI I10
BCEM BXOJMIIHMM B Heé O6paTHI)IM AyraM, IOCJC 4Y€ro BbIYHCIIACT CBOM OTBET U
MOCBUIAET €ro MO BBIXOJsIIEH oOpaTHOW myre. KopeHb MOCHUIaET OTBET BOBHE
rpada.

Takoii anropuT™ MO3BOJLUT pacIpocTpansTh 1o rpady Bompoc 3a Bpems O(ho), rae
ho — BeIcOTa mpsMoOro aepeBa, mMoCie YEro BBIYHCILITE (YHKIHMIO, coOMpas Bce
otsethl, 3a Bpems O(h), rme h — Beicora ob6paTHOro mepesa. Omnako eciau rpad
JUHAMHYECKA MEHSETCS, TO BO3HHMKaeT mpoOsiemMa: H3MEHEHHE rpada MOXKEeT
notpeboBaTh M3MEHEHHS! NPSIMOTO WIM OOpaTHOrO JepeBa, €ClId MEHseTcs
(ucuezaer WM MEHsET CBOM KOHel) Jyra jepeBa. B oOmem ciydae Takoe
HU3MEHEHHE MOXEeT HOTpeOOBaTh MOJHON IEPEeCTPONKH JIEPEBBEB, T.€. (PaKTHUECKU
MOHA/IO0MTCSl CTPOUTH O3TH JIepeBbsl 3aHOBO. Kpome Toro, He rapaHTHpyeTcs
JOCTaBKa COOOIMICHHH IO AyraM IOCTPOCHHOTO JepeBa: 3TH IYI'H MOTYT HCYE3aTh

YJIM MEHSTH CBOW KOHEII 10 TOTO, KaK [0 HUM Oy[eT MepeqaHo HyKHOE COOOIICHNE.

20



. bBypnonos, A. Kocaues.

[TapanmenbHbpIe BEIMUCICHHS HAa THHAMAYECKH MEHSIOIEeMcs rpade.

Tpyner UacTHTyTA cucTemMHOTO Tporpammuposanns PAH, Tom 27-2, 2015 r., ISSN
2079-8156, c. 189-220.

32 crp.

B TO e BpeMs NpEeNNoNoKeHHE O JOJTOXUBYLIMX Jyrax TrapaHTHpyeT
BO3MOXKHOCTb JIOCTaBKH HH(OPMAIMU U3 JI000H BEPIIUHEI B JII00YI0 BepIuuHy. J{is
3TOro, Kak Moka3aHo B mojpasmene 4.1 u B [2], kakmas BeplinHA, MOTYYHB
coobmieHne ¢ 3Toi MHpOpManue, ToIKHa COXpaHUTh €€ B CBOCH MaMsTH U Jajice
MOMEIAaTh BO BCE COOOIIEHHS, KOTOPBHIE IOCTOSHHO HYXKHO IMOCBUIATH MO BCEM

BBIXOJIAIIIAM JyTaM, KOT/Ia TIOSBIISIETCS TaKast BO3MOXHOCTH (o curHanam O, IT).

Toraa BMecTo ayru a—b nepeBa MOKHO MCTOJIB30BATh MPOCTO Hapy BepiuuH (a,b),
KOTOPYIO Ha30BEM BHpPTyalpHOW nayrodd. WHdopmaius, KOTOPYH HYXHO
MEepenpaBuTh MO BHUPTYaIbHOW JAyre, MOMEMIACTCS B COOOIICHHE, KOTOPOE
OTIPABISACTCS U3 BEPIUMHBI & M PACIPOCTPAHSICTCS «BEEPOM» IO BCEM Ayram, a
Korma cooOlieHne ¢ 3Toi MHbOpMAanWed MomajaeT B BepIIMHY D, BeplinHA
nonyvaer Tpedyemyro uapopmarmro. [IpaBaa, Bpems nepemMeneHns coOOImeH s 0
nyre pasao O(1), a mo BupTyanbHOit xyre — O(n). COOTBETCTBEHHO, BMECTO JIepeBa
HCIIOJIB3YeTCsl BUPTYalIbHOE JIepeBO Kak HaOOp BUPTYaIbHBIX Iyr. BmecTo oreHok
O(hg) u O(h) monyuarcs ouenku O(nhgy) u O(nh).

Coo0mieHre-Bopoc COACPKUT OTHY M Ty K€ HWH(POpPMAIHIO, IperHa3HaueHHYIO
BceM BepmmHam: (yHkumu G m E (pyHkums H HyxHa TOJNBKO B KOpHE s
OKOHYATENbHOTO BbIYMCICHUs 3HaueHus: GyHkuun F). Takoe cooOuieHHe MOKeT
pacnopoCTpaHUTHCS U3 KOPHS MO BceMy rpady 6e3 UCHONb30BaHMUS IPSIMOTO JepeBa
3a Bpemst O(n), uro nyurue, uem O(nhy). TToaToMy BHpTyanbHOE MPSIMOE AEPEBO HE
TpeOyeTcs.

OnHako OTBETHI, BBIYKMCIISICMbIC PAa3HBIMU BepIIMHAMH, pasHbie. Kpome Toro, kak
ToKa3zaHo B mojpasnene 4.1, Bce OTBEThI, KOTOPBIC JOJKHBI OBITH OTIPABICHBI M3
BEpIIUHEI (OTBET, BHIYMCICHHBIN B HEel, WM MPOXOMSAIINHA «TPAH3UTOM)) JIOJDKHBI

OTIIPABJIATHECA B OJJTHOM COO6H.[CHI/II/I, U B OTOM XK€ COO6H.[CHI/II/I CIIEAYET OTIIPABIIATH
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Borpoc. ToJBKO B 3TOM cCilydae TrapaHTHpyeTcs JOCTaBKa Bcel TpedyeMmoi
uHpopManum ajgpecaram.

B To e BpeMmsi HCHONB30BaHWE BHPTYaJbHOTO OOpPAaTHOrO JepeBa IO3BOJIIET
nepesaBaTh B OJJHOM COOOIIEHUH HE BCE OTBETHI. JIesl0 B TOM, 4TO €CJIM BepIIMHA &
yXKe TONydria OTBET OT BepuiMHBI D (Wi BbIUMCTMIA ero cama mpu b=a) u
MOJTy4aeT COOOIICHNE ¢ OTBETOM OT BEPIUHHBI C, PACIIOJIOKEHHON Ha TOH JKe BETBH
obpartHoTro nepeBa, uTo BepinuHa b, HO Huswce (GvKe K KOPHIO) BepmIMHbI b, TO
OTBET OT BepuIWHBI b (BBIUKCIIEHHOE €0 3HaueHHe QyHKUMM G) yke He HyKeH,
HOCKOJIBKY OH YK€ HCIIOJIb30BaH IIPH BBIYHUCICHUH OTBETa OT C. AHAJIOTHYHO, €CIIH
BEpIIMHA @ IOJy4aeT COOOILIEHHUE C OTBETOM OT BEPIIMHBI ¢, PACIIOJIOXKEHHOH Ha
TOHM ke BETBU OOPATHOTO JepeBa, 4TO BepIInHA D, HO Gviue (HANbIIE OT KOPHS)
BepILHHBI D, TO OTBET OT BepIMHBI C (BBIYUCICHHOE et 3HaueHue QpyHKunu G) yxe
HE HYXXCH, MOCKOJIbKY OH YK€ HCIOJb30BaH MPH BBIYMCICHUH OTBeTa OT b. 10
O3HAyaeT, YTO B OJHOM COOOIIEHHH TOCTATOYHO UMETh He 0oJiee OJJHOrO OTBETa OT
BEpIUMH Ha OJHOW BETBH OOpaTHOTO JiepeBa. Ecnm ecth OTBET XOTA OBl OT OJHOM
BEpIUMHBI BETBH JepeBa, TO JOCTATOYHO OTBETa OT CaMOi HIDKHeH (OimkHeH K
KOPHIO) BEpIINHBL.

Takum 06pa3om, HaJIMYUE BUPTYaJIBHOTO OOPATHOTO JIepeBa MO3BOJISICT YMEHBIIUTh
pa3mep coobmienus. be3 oOpaTHoro mepeBa MOXHO OBUIO OBI coOHMpaTh B KOpHE
MPOCTO MYJIETUMHOXECTBO 3HAUCHUH (YHKIMU (], TOJTy4ast OT KaXKI0i BEpLIMHBI Vj,
roe i=1..n, 3Hauenume (;=q(V;), ¥ BCE BBIYUCICHUS MPOM3BOIUTHL B KOpHE
F=H(E.(G(Qy),...,G(n))). Onnako 3nauenue ((V;) MOXKET OBITH CIHIIKOM OOJIBILIIM,
HarpuMmep, 3T0 MOXKET ObITh 0a3a JaHHBIX OOJBLIOr0 pasMepa. MoXHO ObUIO OBI
TaKKe coOMpaTh B KOPHE MYJIFTUMHOXECTBO 3HaUCHHI KoMro3uiuu ¢pyHkuuii GQ,
TOJTyJast OT K&KIOM BepIIuHbI Vi, re i=1..n, sHauenne G;=G((];), ¥ aHATIOTHYHO BCE

BBIYMCIIEHHS MPOou3BOANTE B KopHe F=H(E.(Gy,...,G,)). OnmHako B 5TOM ciiy4yae B
22



. bBypnonos, A. Kocaues.

[TapanmenbHbpIe BEIMUCICHHS HAa THHAMAYECKH MEHSIOIEeMcs rpade.

Tpyner UacTHTyTA cucTemMHOTO Tporpammuposanns PAH, Tom 27-2, 2015 r., ISSN
2079-8156, c. 189-220.

32 crp.

OJTHOM COOOIIIGHUM MOTYT OKa3aThCs 3HaueHus G; i1 BCeX BEPIUMH Vi, KpOME
KOpHS, T.€. 10 N-1 3HaueHus pynkuuu G.

llepeBo ompejessieTcst AByMs MapaMeTpaMu: BeICOTOW h W mupuHoil (uuciom
JIMCTOBBIX BEPIIMH = YUCIIO BETBEH OT JIUCTA J0 KOPHS, MPUIEM KOPCHb JIUCTOM HE
cuntaercs) W. Beicota h Bimser Ha Bpems paboThl airopuTMa MyJbCallld, a
mupuHa W — Ha pasmep cooOieHus. Bo3HukaeT 3amada: Juisi JaHHOTO dHCIa
BEPIIMH N OTpeeInTh MHUHUMAIBHYIO BBICOTY JepeBa h mpu 3amaHHON MmpHHE
w<h-1 u omucate AEpPeBbs C TaKOHl MHHUMAIbHOW BBICOTOH. OYEBHIHO, YTO
n <hw+1l. Orcoma h>(n-1)/w. CrenosarenbHo, MUHMMalbHas — BBICOTA
h =1(n-1)/w[ (6mmxaiimee cBepxy LEIOe YHUCIO). DTO JOCTUrAETCH JJIA JEPEBHEB
BHJ2, M300pKEHHOTO HA PUC. 2, KOTOPHIH MOXKHO Ha3BaTh «COAJIAHCHPOBAHHBIM
BEHHKY.

3aMeTuM, YTO €CiM pa3pelinTh 3aaBaTh IUPUHY W>N-1, TO peanbHas MIMpUHA
nepeBa Bcé paBHO Oymer He Oonpme N-1. B wactHOCcTH, ecmum N=1, T.e. Tpad
COJICPXKHT OJIHY BEpIIUHY, TO IEPEBO OYIET UMETh (PUKCHPOBaHHYIO HmmpuHy W=0
u Beicoty h=0.

n-1-w(h-1) BeTBew
BbICOTOM h

f 1 wh-n+1 BeTBen
$ g 8!—1—\—Bb|comﬁ h-1

h = J(n-1)/w[

Puc. 2. «Coanancuposannvlii eHux»
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Jist «cOanaHCUPOBAHHOTO BEHHKA» BHYTPCHHsIS BepUIMHA (HE JIHCT U HE KOPEHB)
UMEeT TOJBKO OJHY BXOISIIYIO YTy, MOITOMY AJs Heé He Tpebyercs cu&Tymka
BXOIIIMX AyT. Takoil cuéTdynK HYXKEH TONBKO Ui KOPHS, €ro 3Ha4YeHHe PaBHO W.
HexopHeBoli BepmIMHE MOCTATOYHO «3HATHY», SBISETCS OHA JIMCTOBOW (CUETUHMK
pasen 0) wiu BHyTpeHHEH (cuéTurk paBeH 1) BepmmMHO# Aepesa.

B [1] pasmerka rpada mpu k=1 szanmmana Bpemst O(n). TIpu 3TOM MOKHO OBLIO
HCIOJIb30BaTh OTHOCHUTEIBHO KOPOTKHE COOOIICHHS, IMOCKOJBKY HEOOXOAUMYIO
UHGOPMAIIMIO MOXKHO OBLIO [OCTABIATH B BEPIIMHBI HE OJHHM, @ HECKOJIBKHMHU
coobmenusmu. [IpaBsa, Ipu TOM CTPOMIINCH HE ONTUMAIIBHBIE PSIMOE U 00paTHOE
JACPEBLs, a TC, KOTOPLIC «IOJYYAJIMCh» NPpU JaHHOM aJITOPUTME Pa3METKU U JaHHOM
rpade. Kax nokazano B nozapasnene 4.1, B auHaMuueckoM rpade Mbl BBIHYKJIEHBI
nepejaBath BCKO HEOOXOAMMYH0 HHGOPMAIMIO B OJHOM COOOIICHUH, pa3Mep
KOTOPOTO, TEM CaMbIM, CYIIECTBEHHO OoJibIe. 3a CYéT 3TOr0 MBI MOKEM 3a TO XKe
no mopsaky Bpemsi O(N) CTPOUTH ONTUMAaBHOE OOPaTHOE BHPTYaJIbHOE AEPEBO.
Kak moka3aHO BbIIIE, TAKOE AEPEBO MMEET BHI «COAJaHCHPOBAHHOIO BEHHKAY, a
[PSIMOE BHPTYAIbHOE AEPEBO M3JIHILHE.

OGpartHOe BUPTYyanbHOE JEPEeBO BUIA «COATAHCHPOBAHHOTO BEHHUKA (IaJiee IIPpOCTO
JIEPeBO) MOXKHO OIMCATh C MIOMOIIBIO [BYXYPOBHEBBIX HHACKCOB BepIuuH. MHIEKC
COCTOHT M3 HOMEpa BETBH JepeBa oT 1 o W i M3 HOMepa BEpIIMHBI Ha BETBH OT 1
a0 h wmu h-1, cuuras, yro kopenb mmeer Homep 0 Ha 060N BeTBH. Takum
obpaszom, kopeHb uMeet W unzekcoB Buaa (i,0), a Apyras BepIIHHA UMEET TOIBKO
OIMH HWHACKC. JlepeBo OMHCHIBAeTCS KaK MHOXKECTBO OINUCAHHN HEKOPHEBBIX
BCPLINWH. Omnucanne HeKOpHeBOi/lI BEPUIMHBI COACPIKUT TUIT BEPIIUHBI «JIUCT» HIU

«BHYTPCHHSIS», UICHTH(OUKATOP BEpUIMHBI U ¢€ WHACKC. BuptyansHas ayra a—b
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CYILIECTBYET TOTIA M TOJNBKO TOoraa, korma a umeer uumekc (i,j), j>0 u b umeer
unzaekc (i,j-1).

AJITOpUTM pa3METKH BBITIONHSIETCS B [IBa dTama. Ha mepBom atame B KopHe rpada
cobupaercs MHpOpPMAIUS O BCeX BepUIMHAX. [locie 3TOro KOPEeHb CTPOUT B CBOCH
HaMATH OIMCaHHE [epeBa, KOTOpOe Ha BTOPOM OTalle pacchUIacTCs BO BCE

BEpIINHBI.

4.3. Pa3meTKa rpadpa: coop uHdopmaumm o BepLuMHax

Pasmerka rpada HaumHaeTcs ¢ IOdydeHHs H3BHe coobmeHus «Crapt» C
napaMeTpoM W, KOTOPO€ [OJDKHO HPUXOJUTh B KOPEHb MO MPEANOJIOKECHHIO H3
pasmenma 3. Ha »tame cOopa wuHpopMamuum o BepmmHax rpada mo rpady
MUPKYJTUPYIOT coobmenus Ttuma 1. Bepmmnaa Tpada m kaxaoe cooOmieHue
COJIepKaT MHOXKECTBO OMUCAHUI AYT.

Omnwmcanue Iyru co3gaéres B e€ Hagaje NMPH MOSBIEHUH IyTH (o curHary 1), HoO
TOJBKO ISl T€X JyTr, KOTOPbIE MOSIBISIFOTCS A0 HPUXO0Ja B BEPIIUHY IEPBOTO
cooOwenus. [Ipennonoxkenne o HavyalbHBIX JIyrax B pasjeiie 3 rapaHTHpYeET, 4TO
OymyT co3maHbl ONMMCAaHUs BCeX HavyaJbHBIX Ayr. [lpm momydeHun cooOrieHus
BEpIIMHA IIepenuchiBaeT K cebe OTCYTCTBYIOUIME y He€ OomnmcaHusi AYyr H3
COOOIIEHHs, MM KOPPEKTUPYeT HMeroliecs y He€ ommcaHusi ayr. [loceuias
cooOIeHre, BepIIMHA IMOMEIIAeT B HEro BCE HAKOIUIEHHOE B HEH MHOMXECTBO
onucanuii nyr. Tem cambiM, COOOIIEHHE aKKyMYJIHpPYeT B ceOe ONMUCAaHUs AYT W3
BCEX BEPIIHH, Yepe3 KOTOPbIe OHO MPOXOJIHT.

Omnmcanne OyTH CONCPXKUT: MACHTH(GHUKATOp AYyTH (MACHTH(QHUKATOp Hadala IyTH H
HOMep Jyr' B Havalne Ayru) u cratyc ayri. CTatyc ayrd IpuHUMAET TPU 3HAYCHUSL:
1,2,3. Cxema M3MEHEHHS CTaTyCa AyTd a—b Ha pHC. 3 WLTIOCTPUPYET CIEAYIOMIHE

TIpaBuIIa;
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[paswuno 1. Hem onucanus dyeu — 1 (crutommsast munaust Ha puc.3). Omucanus ayru
a—h co cratycom 1 co3maéres B BepumHe a no curnany I1 emé 1o Toro, Kak B
BEpIIMHY & MOCTYIHT MepBoe coodmeHue. [Ipeanonoxkenne o cymecTBOBaHIH
HayaJIbHBIX Iy B Ha4aJbHBIH MOMEHT BpeMeHH (paszen 3) rapaHTHpyeT, 4To B
BepLIMHE & OyAyT CO3/laHbl ONMCAHMS BCEX HAa4yalbHBIX AYT, BBIXOISIIMX U3 &
(xoTs He 00s13aTeNIFHO TOJILKO HadanbHBIX). [IoaTOMY TIepBoe U, clieioBaTeIbHO,
KaXJ10€ COOOIIEHHE, MOCHIJIAEMOE W3 BEPIIMHBI 8, COJIEPKHUT OMUCAHHS DTHX
JIyT.

[paBuno 2. 3Menenne craryca nyru 1 —2 (comHas JHHHS Ha pHC.3)
MPOUCXOJNUT B BEPIIMHE &, KOrJa BepunHa a no cursainry O y3HaéT o ToM, 4To

nepBoe coobIIeH e, MOCIanHoe 10 ayre a—b, 10110 10 e€ KOHIa, BEpIIUHEL b.

IIpaBuio 3. U3menenne cratryca ayrd 1 —3 (ClulomHas JMHHS Ha pHC.3)
MPOUCXOAUT B BEPIIMHE 8, Korja BepiunHa a no curHany W wmm I1 y3naér o
TOM, YTO MEPBOE COOOINEHHE, MOCIAHHOE MO ayre a—b, He OO, WIH, IO
noBTopHOMY curHany I, y3HaéT o TOM, YTO Iyra MOBTOPHO MOSBWIACH (U,
CJIeJIOBATENILHO, UCUE3alia) IO MOCBUIKH MO0 Hel MepBOro coodimeHus. B obomx
CITydasix Iyra He SBISETCS Ha9albHOM.

[paswuio 4. Takoe ke M3MeHeHne craryca ayru 1 — 3 (crutorHast TuHUS Ha puc.3)
OpOUCXOAUT B BepumumHe b, korma BepiimHa D momydaer mo ayre a—b
coolIeHre, B KOTOpoM craryc ayru a—b pasen 1 (sro Oyner mepBoe
coo0IIEHNE, OCBUTAEMOE TT0 Jayre a—b).

[Ipasuno 5. I3MeHeHne cTaTyca AYTH MPOUCXOAMT TakXKe B JIFOOOH BepIIMHE NP
MOJYYeHUH COOOIIEHHs, B KOTOPOM 3Ta Oyra MMEeT CTaTyc Oojblle, 4eM B
BEpIIMHE WM B BEPIIMHE OTCYTCTBYET OINKCAaHWE Jyrd (CIUIOIIHAS WK

NyHKTHPHAs CTpesiKa Ha puc.3).
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HET OIMUCAaHUA OYyTH

Puc. 3. Cxema usmenenus cmamyca oyau

Kopenr mosydaer wH(pOpMamuio O BepIIMHE &, KOTrJa IOJydaeT COOOIIEHHE,
cojiepiKaliee  OMUCAHHEe HEKOTOpoi ayrd a—»b, B  KOTOPOM  KayecTBe
UICHTU(HUKATOpA Havyajda AYTH YKa3aH HICHTU(GUKATOP BEpIIMHEI a. Ecim cratyc
JIyT'd B KOPHE paBeH 3, TO 3TO O3Ha4aeT oAHO 3 AByX. 1) Craryc 3 yCTaHOBJICH B
KOHILIE JIyr'H, BepuiuHe b, u cooOlieHure u3 b j01u0 10 KOpHA. A Torjma KOpeHb
nMeeT MHPOPMAIMIO XOTs ObI 00 OJHOM JIyre, BRIXOMAIIEH U3 b, TeM caMbIM KOpeHb
3Haer o BepmmHe b. 2) Craryc 3 ycTaHOBIIEH B Hayalle Iy, BEPIIMHE a,
CJIeJIOBATEINILHO, 3TA JIyra He HadalbHasl.

Kak ckazaHo BeIe, TPEATIONOKEHHE O CYIISCTBOBAHWM HAdYalbHBIX [IyT B
HAYaIbHBII MOMEHT BPEMEHHM TapaHTHPYET, YTO KOPEHb, Y3HaBas O BepIIUHE (T.c.
XOTs1 OBl 00 OJIHOM BBIXOJINEH M3 HEE nyre), y3HAET O BCEX BBIXOJIIUX M3 HEé
JIyrax, KOTOpble ObUIH B HAYAJLHBIH MOMEHT BpeMeHH. [Ipe/InonokeHue o0 TOM, 4To
nmr00ast BepIIMHA JOCTHKUMA M3 KOPHS [0 HAYAIbHBIM JyraM, rapaHTHPYET, Y4TO JI0
KaXIOW BEpIIMHBI OT KOPHSA IO HAYaNBHBIM JyraM JOMIET cooOImieHwe, M 3TO
coobmieHne OyIeT TepBBIM COOOIICHWEM, MepeaaBaeMbIM II0 JTHM JIyTaM.
[Ipennonoxenne 0 TONTOXHUBYIINX AyTax rapaHTHPYET, YTO 10 KOPHS TOWIYT BCE
COO0O0IIeHNs, TOChLTaeMbIe 13 BepiuH rpada. [ToaToMy, Korja B KOpHE CTaTyC BCEX
JyT' CTAHET PaBHBIM 3, 3TO OYyJeT O3HAYaTh, YTO KOPEHb y3HAJ O BCEX BEPIIMHAX
rpada. Ha 3ToM mepBbIil 3Tan 3aKaHYUBACTCS M HAYMHACTCSI BTOPOM 3TAIl PACChUIKH

OIMCaHUH BUPTYaAJILHOTO 00paTHOTO JAepeBa.
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4.4. PaameTKa rpadpa: paccbisika onMcaHusa gepeBa

Korma wHpopmamus o BcexX BepIIMHaX coOpaHa B KOpHE, KOPEHb CTPOUT
BUpPTyaJibHOE 00paTHOE JEPEBO KaK MHOXKECTBO ONUCAHHMNA HEKOPHEBBIX BEPIIMH
(mompasnen 4.2). Llens Broporo 3tama pasMeTKH Tpada — JOCTABHTh B KAXKIYIO
HEKOPHEBYIO BEpIIMHY €€ JBYXYpPOBHEBBI HWHIEKC M ©€ THUI «IUCT» WIH
«BHYTPCHHSISI.

s storo mo rpady pacmpoCTpaHSIOTCS COOOIIEHUS THIIA 2, COJIEpIKAIue
MHOJKECTBA OIMCAHUA BEPIIMH, M3 KOTOPHIX KaXKJas BEPIIMHA 3alIOMHHACT CBOE
OIMKCaHKe U yIAISIeT ero U3 MHOXKECTBA.

Korma BepmmHa @ (He KOpEHb) MEPBBIA pa3 MOJy4aeT COOOIIeHHWe TUma 2, OHa
MEPENUCHIBACT B CBOIO MaMsTh BCE MHOXKECTBO OMHMCAHHUII BEPIIMH U3 COOOIICHHS.
B 3TOM MHOXECTBE JOIKHO OBITh M OTMMCAHUE BEPIIUHBI &, KOTOPOE OMpPEaeIsieTCst
1o uAeHTH()UKATOPY BEPIIMHBL &. M3 3TOro onucaHus 3allOMUHACTCS UHACKC M THUI
BEpIUIMHBI 8, a CaMO OIMCaHHe yAauseTcs U3 MHoxecTBa. Ilocie 3Toro BepiinHa
UTHOPUPYET BCE MpPHHUMAEMble cOOOmeHus Tuna 1, KOTOophie emé MOTyT
ocraBaThcs Ha rpade.

B nanpHeiiimeMm, korja BepiIMHA 8 MOJIYYaeT COOOIICHHWE THMA 2, OHa CTPOUT
MepeceueHe MHOKECTB OMMCAHUI BEPIIUH U3 COOOIICHUS U U3 CBOCH MaMsITU. DTO
MIEPECCUCHIE COXPAHICTCS B IIAMSTH BEPIIUHBI a.

Kaxmprit pas, xoraa mo nyre, BBIXOISINEH W3 @, MOXKHO TOCHATh COOOIIeHHE (IT0
curnany O wium IT), BepuHa a mMoMenaeT B 3TO COOOIICHHE TO MOJMHOKECTBO
OIUCAHUI BEPIINH, KOTOPOE XPAHHUTCS B €€ MAMSITH.

Konerr pacchUIku OMUCaHUs JIepeBa OMpPEeIesieT KOPEeHb, KOTrja XpaHsIeecs: B HEM

MHO>KECTBO OIHCAHUI BEPIINH CTAHOBUTCS ITYCTBIM.
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ITockonbky Kakias BeplIMHA yJalseT W3 MHOXECTBAa OIMCAaHUI BEepIIMH CBOE
OIMCaHMe, a MPH MOJIYYCHUH COOOILEHUSI CTPOUTCS TEPEeceueHne MHOMXKECTB, PaHO
WIX TIO3HO TaKO€ MHOXKECTBO B HEKOTOPOM BEpIIMHE CTAHOBUTCS MYyCTHIM. B 3TOT
MOMEHT BPEMEHH BCE BEPINMHBI MONTYYWIN NPEJHA3HAUYCHHYIO UM HH(OPMAIHIO.
Jlanee 3T0 mycTO€ MHOXECTBO, ABHTasiCh IO rpady, «OIyCTOLIAET» MHOXKECTBA,
XpaHAIpecs B BepmmHaXx. Korma «OomycTOMMTCS» MHOXECTBO B KOpPHE, 3Tal

3aKOHYEH, KOPEHb MMOCHIJIA€T BOBHE cooOmenne «/ omos Kpa6ome».

4.5. BbluncneHue pyHKLUN

Beruucienne ¢yHkimu F HaunHAETCS C MONMyYeHHWs] KOPHEM HW3BHE COOOIICHHS
«Bompocy» ¢ mapamerpamu H,G,E. ®ynkums H TpebyeTcs TONBKO KOpHIO, a
OCTaJIbHBIM BEPIIMHAM BOMPOC J0CTaBisieTcs kak napa ¢yukiwuii (G,E).

Kopenb HymMepyeT BOTPOCHI IJIsi TOTO, YTOOBI TIPH BBIYMCIICHUH OTBETA HA BOTIPOC
UTHOPUPOBATh BCE COOOINECHUS, OTHOCSIIMECS K BBIYUCICHUIO OTBETOB Ha
OpebIAYIIAE BOMPOCH], MOCKOJIBKY OHM MOTYT IUPKYJIHPOBaTh MO rpady aake
MOCJIE OKOHYAHHSI BEIYMCIICHHSL.

BupryanbpHoe 00paTHOE JepeBO 3a7aéT BIOXKEHHOE pa30HeHHe MYJIbTHUMHOXKECTBA
q(V), xak omucano B pasznene 2 u noapaszene 4.2.

JluctoBast BepumHa V¢ uHAekcoM (i,j), TOTYYUB BOMPOC, CPa3y K€ BHIYHMCIISIET
oteer G(q(V)) u mO/DKHA TEpenaTh €ro Mo BHPTYalbHOW 0OpaTHOHM ayre, T.e. B
BepInuHy ¢ uHaekcoMm (i,j-1) .

BHyTpeHHell BepiuHe V iepeBa THIA «COaaHCUPOBAHHBIM BEHUK» COOTBETCTBYET
anement b=b;C b, Broxennoro pazbuenus, rae b;=q(D,), rae D, — MHOXeCTBO
BEPIIIKH, PACIIOJIOKEHHBIX Ha JepeBe Bbime V, a b,=q(v). Bepmuna vV cHayasa
nonyuaet oteet G(b;) mo Bxojsiiieli B Heé BUPTyallbHOM 00paTHO# ayre, TO €CTh OT

BepiuuHbl ¢ uHAekcoM (i,j+1). ITocrme 3TOro BepiuMHA V BBIYUCISIECT CBOW OTBET
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G(b) = E(G(by),G(by)) u momxkHa mepemath €ro MO BHPTYalbHOH BBIXOIALICH
o0parHoii 1yre, TO ecTh BeplunHe ¢ nHAeKcoM (i,j-1).

KopHrio Vg cootBeTcTByeT 251eMeHT b=b;C...Cby+1 BIOKEHHOrO pa3OueHus, rae W
PaBHO YMCIIy BXOJSAIIMX B KOPEHb BHPTYaJIbHBIX OOpaTHBIX Ayr, a by.1=q(Vo).
Kopenp chauama cobupaer orserel G(by),...,G(b,) mo Bcem BxomsmmM B HETo
BHPTYaJbHBIM OOpAaTHBIM [IyraM, TO €CTh OTBETBl OT BEPLUIMH C HHACKCAMU
(1,1),...,(w,1). IIocne ororo kopedb  Boiuucisier  G(b) = Ey.1(G(by),...
,G(0y),G(by+1)). Ipu stom cama ¢yHkums E,.q BeIYHCISETCS HTEPAaTHBHO C
nomompto Qynxkmuu E: it j>1 nmeem Ejq(Gy,...,Gji) = E(E(Gy,...,Gj), Gjsa).
HononHutensHo KopeHb npumenser ¢ynkiuo H, T.e. Bbrumcnser H(G(b)), u
NOCBUIACT MOJyYCHHOE 3HaUeHHE BOBHE rpada B cooliueHnu «OTBETY.

Kak mnokasano B mnoapaszienax 4.1 u 4.2, OpH BBIYHCICHHH HCIOIb3YETCS
coo0lIeHHe, KOTOPOE MOJKHO COJACpPKaTh BCIO PACMPOCTpaHieMyr IO rpady
uapopmanmio: Borpoc (G,E), HOoMep Bompoca M Bce HyXHBIE OTBETHI. Takoe
coobmienne nmeeT tun 3. [Ipu 3TOM T0CTaTOYHO, 9TOOBI COOOIICHNE COMEPIKAIIO HE
0oJiee OJHOTrO OTBETa OT BEPIIMH OXHOW BETBU AepeBa. Eciy BepuinHA MOTydHiIa
JBa OTBETa OT OJHOW BETBU i, T.e. oT BepumwmH ¢ uHaekcamu (i,j1) u (ij2), TO
BBIOMpaeTCS OTBET OT BePIUMHBI OJmKaiimied K KOpHIO. OTO BeplIMHA C
MHHHMAJIbHBIM HOMEPOM Ha BeTBH, T.e. BepimuHa ¢ uHAekcoM (i,min{ji,j2}).
Coobuienue Tuma 3 mochUIaeTCs Mo Iyram rpada mpu mepBoil BO3MOXHOCTH (IO
curtany O wmm II). B coobmennu otBer (3HaueHnme ¢QyHKuuu G) comep utcs
BMECTE C MHCKCOM OTIIPABUTEIS, T.C. BEPIIMHbI, BHIYMCIHBIICH 3TOT OTBET. JTY

mapy (OTBET, MHACKC OTIIPABUTENSI) OyAeM Ha3BIBATh UHOEKCUPOBAHHBIM OTHEENOM.
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5. OnucaHue anzopumma

5.1. NMNamATbL aBTOMAaTa N COOOLLEHUA

1.

Onpenenenus:

uieHTuUKaTop Iyru: (MAeHTH(UKATOp Havaia Jyrd, HOMEp JIyTrH);
onrcanue AyTu: (MAeHTH(UKATOP IyTH, CTATyC OYTH);

MHJEKC BEPIINHBL: (HOMEp BETBH JepeBa, HOMEP BEPLINHEI Ha BETBH);
OIIMCaHWE BEPLIMHBL: (THUII BEPLIMHBL. <JIMCT» WIH «BHYTPEHHSN»,
HICHTU(PUKATOP BEPIINHBI, HHACKC BEPITHUHBI);

WHACKCHPOBAaHHBIN OTBeT: (OTBET Kak 3HadeHwe ¢yHKumn G, HWHOEKC

BEPIIUHBI-OTIPABUTENSN).

YrpaBisromue COCTOSHASA aBTOMATa: Hauanvhoe, 0, 1, 2, 3.

[NamsaTs aBTOMATA (JOTIOIHUTENBHO K YIPABIISIOMIEMY COCTOSHHIO).

3.1.

3.2.

3.3.

[TamaTh aBTOMAaTa B HAYAJILHOM COCTOSIHUU.
HecymecrseHHo.

[Tamsre aBTOMara B cocrosiHuu 0.

®  paeHTU(UKATOP BEPILUHHBL,

®  MHOYKECTBO ONMCAHUMU JYT.

[TamsaTe aBTOMaTa B cocTOSTHAH 1.

¢  HICHTU(HUKATOP BEPIIUHEI,

®  TUI BEPIIMHBI: KOPEHb WIH HE KOPEHb,
e W (TOJBKO JJIS KOPHS),

L4 MHOKECTBO OIMFCAHHUKA AYT.
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3.4. IlamsTh aBTOMATa B COCTOSIHUH 2.
e  WICHTU(UKATOP BEPIINHBI,
®  THII BEPIIMHBL KOPEHB, JINCT, BHYTPEHH,
e W (TOJBKO AJIS KOPHS),
e  WHIEKC BEPIIUHHI (HE U KOPHS),
e  MHOXXECTBO ONMCAHUH BEPIINH.
3.5. IlamsTh aBTOMAaTa B COCTOSIHUU 3.
®  THII BEpPIIMHBIL: KOPEHB, JIUCT, BHYTPEHHSIS,
e W (TOJBKO AJIS KOPHS),
e H (tonbko 11t KOpHSA),
®  WHIEKC BEPIIUHHI (HE IS KOPHS),
e  HOMeEp BOTpOCa,
« (GB),
e  MHOXXECTBO MHJECKCHPOBAHHBIX OTBETOB.
4. dopmar «BHEITHUX» COOOICHHUH (IOTIOIHUTEIHHO K THITY COOOIICHHS).
4.1. Us3BHe coobmieHune «CTapT»: W.
4.2. BogHze coobmienue «['0ToB kK paboTe»: 6€3 mapaMeTpoB.
4.3. U3BHe coobuienue «Bonpocy: onucanue ¢pynkuuii H,G,E.
4.4. Bogue coobienne «Otser»: 3Hauenune H(G(q(V))).
4.5. Bogae coobmieHne «OmuOKa MpOTOKOIay: 0e3 mapaMeTpoB.
5. ®opmaT «BHyTPEHHHX» COOOIIEHHH (JIOMOIHNUTEIBHO K THITY COOOILCHN).
5.1. ®opmat coobmenus Trma 1.

®  WICHTU(UKATOP OYTH, [0 KOTOPOH coodmieHue nepeaaéres,
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®  MHOXECTBO OIUCAHUH JIYT.
5.2. ®opmat coobmieHns Trma 2.

®  MHOXECTBO ONHCAHUIA BEPIIKH.
5.3. ®opmat coobuieHns Trma 3.

e  HOMEp BoIpocCa,

e (GB),

L MHOXECTBO MHACKCUPOBAHHLIX OTBETOB.

5.2. PaboTa aBTOMaTa

1.

HauansHoe cocTosiHUE.
ABTOMAT BepUIMHBI HayMHAeT paboTaTh B HAdalbHBIH MOMEHT BPEMEHH C
HA4aIbHO20 cocmosiHusi. ABTOMAT TepexoauT B cocrosiHue 0, ompexpenser
UACHTH(HUKATOP BEPIIMHBI, B KOTOPOI OH HAXOJHUTCS, C IOMOIIBIO MPUMHUTHBA
«/lait mperTudukaTOp» M 3aMIOMHUHAET €r0 B CBOeW mamsth. Jlasee aBTOoMar
(dhopMupyeT B CBOEH MaMATH ITyCTO€ MHOXKECTBO OIMCAHHMH JYT.
Cocrosaue 0.
2.1. Curnan I1, mapameTpsl: HOMEp IyTH.
Ecnu onmcanus Ayru ¢ 3TUM HOMEPOM €II€ HEeT, TO CO3JaéTCsl ONMCAaHUEe
nyra (o mpasuny 1 w3 4.3). uueHTHGUKATOP BEPIIHHBI, HOMEpP IyTH,
craryc = 1. B npotuBHOM ciydae (mo mpaswiny 3 u3 4.3) craryc ayra
MeHseTcs Ha 3.
2.2. Curnamsr O u U HeBo3MOKHBI B cocTostHIH 0.
2.3. Coobmenune «CtapTy.
[o npenmnonoxeHuo, 3To COOOIEHNE MPUXOIUT U3BHE B KOpeHb. B aToT

MOMEHT B KOPHE MOI'YT OBbITh OIMCAHMS TOJIBKO BBIXOJAIIUX AYyI CO

33



. bBypnonos, A. Kocaues.

[TapanmenbHbpIe BEIMUCICHIS HAa THHAMAYECKH MEHSIOIeMcs rpade.

Tpyner UacTHTyTA cucTeMHOTO Tporpammuposanns PAH, Tom 27-2, 2015 r., ISSN
2079-8156, c. 189-220.

32 crp.

34

24.

2.5.

cratycoM 1 mnu 3. ABTOMAT MEepexoquT B cOCTOsHHE 1, ycTaHAaBIMBAET
THI BEPIIMHBI = KOPCHb, 3alOMHHACT W M TIOCBUIACT IO KAaXIOH
(BbIXOASAIIEH) ayre co craTycoM 1 coobimeHue THma 1 ¢ MHOXECTBOM
ONMCAaHUN AYT U3 KOPHS.

AJTbTEpHATHBHOE TIOBEACHHUE B BBIPOXKICHHOM CITydae: €CId B KOPHE J0
nonyueHus: cooberuss «CtapT» He MOSIBUJIOCh HHA OJHOM BBIXOJSIICH
ayru. OTcroa ciieyer, Mo MPEANONIOKSHUI0 O HAYalbHBIX Jyrax B
pazzmene 3, YTO HET HAYalbHBIX JYI W, CIEJOBATEIbHO, HET APYrHX
BepuinH. KopeHb NepexoAuT B COCTOSHHE 2, YCTAHABIMBACT THII
BEPIIUHBI = KOPEeHb, ycTaHaBmuBaeT W=0, popMHUpyeT MycTOE MHOKECTBO
ONMCaHUuM BCPUIMH M IMOCHIJIAET BOBHE OTBCTHOC COO6HJ,6HI/IC «['oToB Kk
paboTe».

Coo0mienne «Bormpocy.

[To TpeamnoIoKeHHI0, 3TO COOOIICHHEe HW3BHE MOXET MPUATH TOJHKO B
kopeHb. [Ipu HOpMabHOM paboTe OHO JOKHO MPUXOAUTH TONBKO MOCIE
TOr0, Kak KOpeHb OTBeTUT Ha coobmenne «Crapt». I[losTomy B
cocrossind 0 KOpeHb TMOChUIACT OTBETHOEC cooOmeHne «Omnodka
MPOTOKOJIAY.

CooOmienne tumna 1.

Bepuruna B cocrosiain 0 MOKET MOJTYYHTh 3TO COOOIICHHE TOIBKO, €CIH
3TO HEe KOpPHEBas BepUIMHA. DTO COOOIICHHE IPUXOIUT 10 BXOAAIIEH ayre
U3 JpYyroil BepiiuHbl. B 3TOT MOMEHT BPEMEHU B BEpPIIMHE MOIYT OBITH
OIMUCAHUsI TOJBKO BBIXOASAIINX AYyr O cTarycoM 1 mnum 3, a B mpUHSITOM
COOOIIEHUN HE MOTYT OBITh OMUCAHUS ITUX AYT, OCKOIbKY aBTOMAT €IIé

HC IMOChlJIaJl HU OJHOI'O COO6IJ.[CHI/IH IO BBIXOJAIIUM AyTaM. ABTOoMar
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2.6.

MEPEXOJNT B COCTOSTHUE 1, ycTaHaBIMBAECT THII BEPILIMHBI = HE KOPEHb U
(o mpaBwiy 5 u3 4.3) g00aBIAET BCE OMHMCAHUS YT M3 COOOILICHUS BO
MHOXKECTBO OIMCAHUH Ayr B BepuimHe. Ecnm craryc ayru, mo KOTOpPOi
MIPHUIILIO COOGIEeHNe, paBeH 1, To (Mo mpaswity 4 u3 4.3) OH MeHAETCS Ha
3. Tlocmre 3TOTO aBTOMAT TMOCHUIACT O KAXKAOH BRIXOISIIEH Iyre (myre,
AOCHTU(UKATOP Hadala KOTOPOH paBeH HWACHTH(PHUKATOPY TeKymeit
BEpIIMHBI) cooO0meHne Tuma 1 ¢ MHOKECTBOM ONHCAHWMH Iyr W3

BCPUINHEI.

Coo01reHus tTumna 2 u 3 HeBO3MOKHEI B cocTossann 0.

3. Cocrosnue 1.

3.1.

3.2

3.3.

3.4.

Curnan O, napaMeTpbl: HOMEp IYyTH.

Ecnu ommcanne myrm ecThb B BEpIIMHE M cTaTyc OyTW paBeH 1, To oH
MeHseTcss Ha 2 mo mpaBmry 2 w3 4.3. B mobom ciiydae mo myre
MOCBUTACTCSl cOoOOmeHHe THma 1 ¢ MHOXXECTBOM OIMMCAaHWHA Iyr W3
BEpIINHBI.

Curnan I1, mapaMeTpsl: HOMEp AYyTH.

Ecnu ommcanme nyrw ecTh B BEpUIMHE M CTaTyc AYTH paBeH 1, TO OH
MeHsercss Ha 3 mo mpaBmry 3 w3 4.3. B mobom ciiydae mo ngyre
MOCBUTACTCSl cOoOoOmeHHe THma 1 ¢ MHOXXECTBOM OIMMCAaHWHA Iyr W3
BEPILIUHEI.

Curnan U, napameTpbl: HOMEp AYyTH.

Ecnu ommcanme nyru ecTh B BEpUIMHE M CTAaTyc AYTH paBeH 1, TO OH
MeHseTcst Ha 3 1Mo mpaBuity 3 u3 4.3.

Coobmenne «CtapTt» mu «Bompocy.
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3.5.

3.6.

[To mpeamnonokeHu0, TaKoe COOOLIEHNE M3BHE MOXKET NMPHUITH TOJIBKO B
kopenb. [lpn HOpMmanbHOW pabote cooOmeHne «CtapT» HE JOIDKHO
NPUXOJUTh IIOBTOPHO, a cooluieHne «Bompocy MOKHO NpHUXOIUTH
TOJBKO IIOCJE TOTrO, Kak KOPEHb OTBETUT Ha coobmienue «CtapT».
IlosTomy B cocrosHmM 1 KOpeHb TIIOCHUIAET OTBETHOE COOOILICHHUE
«OmmnOKa IpOTOKOIAY.

Coo06mrenue tuma 1.

ABTOMAT TPOCMAaTPUBACT MHOKECTBO OIMMCAaHWU AYyT B coobmiennu. [lo
mpaBuny 5 w3 4.3, ecnmu ommcaHWS AYTH He OBUIO B BEpIIMHE, OHO
Jno06aBisieTcs B BEPIINHY, a B IPOTHBHOM CIIydae CTAaTyC AyTH B BEpIINHE
Koppektupyetcsa. Ecim cratyc myr, 1o KOTOpOH NPHILIO COOOIIEHHE,
paseH 1, To on Mensiercs Ha 3 (1o npasuity 4 u3 4.3).

ABTOMAT KOpHS JIOTIOJHUTEIFHO MPOBEPSIET CTATYChl BCEX YT, OTMCAHUS
KOTOPBIX XpaHATCS B ero mamMsTH. Eciam crarychl Bcex Ayr paBHBI 3, TO
AaBTOMAT NEPEXOAMT B COCTOSHHE 2, KOPPEKTHPYET LIMPHHY JepeBa
w:=min{w,n-1} ©u cTpouT BHpTyaJbHOE JEPEBO, KaK OIKCAHO B
noapasene 4.2, T.e. co34aéT MHOXKECTBO ONHUCAaHUH HEKOPHEBHIX BEPIIHH.
Ecnu 310 MHOXecTBO mycto (i ciydas N=1 mpu HaaWM4IuM TETEIb,
MOSBUBIIHUXCS 0 HONydeHHs coodmeHus «CrtapT»), KOpEeHb IOCBHUIAET
BOBHE coobmeHne «I'0ToB Kk paboTey.

Coo01renue tuma 2.

B cocrosHnm 1 aBTOMaT BEpUIMHBI MOXKET MOJYYHTH COOOLICHHE THIA 2
TOJIBKO B TOM CIydae, €ClIM 3Ta BEpHIMHA — HE KOpEHb. ABTOMAT
MIEPEXOUT B COCTOSIHUE 2, IEPENHCHIBAECT B CBOIO IAMATH BCE MHOKECTBO

OMHUCAHWIA BEPIIMH U3 COOOIICHUS. B 3TOM MHOXXECTBE JOJDKHO OBITH U
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OMHCAaHUE BEPIIHHBI @, KOTOPOE ONPEeSIeTCs 0 HACHTU(DHKATOPY
BepIIMHBI a. M3 3TOr0 onucaHus 3alOMUHAETCS UHIEKC U TUIT BEPIINHBI
a, a caMo ONHUCAHUE yIaSeTCs U3 MHOKECTBA.
3.7. CooOuenue Timna 3 HEBO3MOXHO B COCTOSIHUH 1.

4. CocrosHue 2.

4.1.

4.2.

4.3.

4.4,

Curnan O unu I1, mapameTpsl: HOMEp AyTH.

I[lo nmyre moceutaeTcst cOOOIIEHWE THIIA 2 C MHOXECTBOM ONHCAaHUI
BEPIIMH U3 BEPIINHEI.

Curnan U, napaMeTpsl: HOMEp AYTH.

Huuero He nemaercs.

Coobmenne «CtapT».

AmnamornyHo 3.4. KOpeHb MOCBUIACT OTBETHOE cooOmeHne «Omuoka
TIPOTOKOJIAY.

Coobmenne «Bormpocy.

ITo mpenmoJiokeHUt0, Takoe COOOIIEHNE M3BHE MOXET MPHUATU TOJBKO B
KopeHsb. [Ipu HopMmanksHOU paboTe B cocTosHUH 2 coodmeHune «Bompocy
JOJDKHO TPUXOAWUTH TONBKO IOCIE TOTO, KaK KOpEHb OTBETUT Ha
npenpiaymee coodmenne n3BHe «Ctapt». KopeHs mpoBepseT, mycTo u
MHOKECTBO OIIMCAaHWHA BEPIIMH B €ro maMsATH. Ecim He mycto, TO 3TO
03HayaeT, YTO OTBET Ha coobrieHue «CtapT» emé He OTIPAaBICH BOBHE,
MO3TOMY KOPEHb MOCHLIACT OTBETHOE coobmIeHHe «OmuoKa MpoTOKOJIa.
Eciu mycro, KOpEeHb NEPEXOAUT B COCTOSHHE 3, 3alOMHHACT U3
coobmienns yukiun H, G u E, ycranaBnuBaer HOMep Bompoca = 1,

(hopMHpyeT MycTOe MHOKECTBO MHAEKCHPOBAaHHBIX O0TBeTOB. Ecim w=0,
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4.5.

4.6.

4.7.

T.e. KOPEHb Vo — COMHCTBEHHAs BEPIIMHA, KOPCHb BBIYUCISICT 3HAYCHHE
H(G(q(vo))) u mocsutaet BoBHe coobuieHne «OTBET» C 3TUM 3HAYCHHCM.
CooOmenne tuna 1.

B cocrosHuu 2 3TO COOOLICHHE WTHOPUPYETCS: aBTOMAT HUYEro HE
JieTaer.

CooO1ienne Tuna 2.

ABTOMAT CTpPOUT TIEPECEYCHUE MHOXKECTB OIMCAaHUN BEPUIMH U3
COOOIICHHS 1 U3 CBOCH MaMATH. DTO MEPECCUCHUE COXPAHSIETCS B MAMSTH
aBroMara. Eciiu 3T0 mepecedeHre mycTo, a TeKylias BepLInHa — KOPCHb,
TO KOPEHb MOChUTAeT BOBHE coobienne «I'0ToB k paboTey.

CooOmienne tumna 3.

B cocrosiHun 2 takoe cooOIIeHHE MOXKET MOITYYUTh TOJbKO HEKOPHEBas
BepimHa V ¢ wuHAekcoM (i,j). ABTOMAT mepexoauT B COCTOSHHE 3,
MepennChiBA€T B CBOIO mamsaTh u3 coobmienus Bompoc (G,E), HOMmep
Borpoca (KOTOpBIH  JOIDKEH ObITh paBeH 1) W MHOXECTBO
MHJIEKCHPOBAHHBIX OTBETOB. EcCiM 3TO NHMCTOBas BepLIMHA, TO aBTOMAaT
Beuncisier 3Hauenne G(((V)) W 3ammceIBaeT €ro BMECTE CO CBOUM
ungekcom  (i,)) Kak  HHAEKCOM  OTHpaBHUTENss BO  MHOXECTBO
WHICKCHPOBAHHBIX OTBETOB. 3aMeTHM, 4YTO OSTO OyIeT IepBbli
WHJICKCHPOBAHHBIA OTBET OT BEPIIMH BETBU i. ECIM 3TO BHYTpEHHS
BepIIMHA, TO AaBTOMAT TMpPOBEPSeT, HET JH BO  MHOXECTBE
MHJIEKCUPOBAHHBIX OTBETOB B cooOImeHnu orBeta G(b;) oT BepiumuHbl ¢
ungekcoM (i,j+1). Eciam ect, TO aBTOMAT BBIYHCISACT 3HAYCHHUE

E(G(by), G(q(v))) u 3amuceiBaer ero BmecTe ¢ wuHaekcom (i,j) Kak
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HUHACKCOM OTIPABUTCIIA BO MHOXCCTBO HWHACKCUPOBAHHBIX OTBETOB

BMmecTo otBeta G(b;) oT Bepiunsl ¢ uHAekcoM (i,j+1).

5. Cocrosnue 3.

5.1.

5.2.

5.3.

54.

Curnan O wu I1, napameTpsl: HOMep AyTu.

I[lo npgyre mockmiaeTcs cooOmeHWE THHA 3 € MHOXXECTBOM
WHICKCUPOBAaHHBIX OTBETOB M3 BEPIIHHEI.

Curnan W, mapameTpsl: HOMep JyTH.

Hwuuyero ne nemaercs.

Coobmenne «CtapT».

[To mpenmonoXeHnto, Takoe COOOIIEHIE H3BHE MOXKET HMPUATH TOIBKO B
KopeHb. [lpm HOpMampHON pabore coobmenne «CTapT» HE HOIDKHO
NPUXOANTH MOBTOpHO. [lo3TOMYy B COCTOSHWHM 3 KOPEHb IOCHUIAET
oTBeTHOE coobmeHue «OmudKa MpOTOKOIIa.

Coobmenne «Bompoc».

[To mpenmonoXeHno, Takoe COOOIICHIE H3BHE MOXKET HPUATH TOIBKO B
KopeHb. [lpm HOpManpHOW paboTe coobmenne «Bompocy HTOmKHO
MPUXOANUTH TOJIBKO IIOCIE TOTO, KaK KOPEHb OTBETUT Ha IPEIBIAyIIee
coobmienne u3BHe «Bompoc». KopeHb mpoBepseT, YTO BO MHOMKECTBE
WH/ICKCUPOBAHHBIX OTBETOB HHJICKCHI OTIPABHUTEICH MMpoOeraroT BcE
MHOECTBO HHJICKCOB Onmkaiiimnx k kopato Bepummd: {(i,1)|i e[1..w]}.
Ecmu 310 He Tak, TO 3TO O3HAYAET, YTO KOPEHb eII¢ He OTBETIJI BOBHE Ha
npeapaymuii - «Bompoc». IloaTOMy KOpeHb IOCBUIAET  OTBETHOE
coobmienne «OmudKa MpoTOKOIaY.

B nporuBHOM ciyyae KOopeHb HadmHaeT paboTy HaJ MOCTYHHBIINM

BOIIpOcOM. 3anoMuHaeT u3 coobmenus pyukmmm H, G u E, yBennunsaer
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HOMeEp Bompoca Ha 1, popMUpPYET MyCcTOE MHOKECTBO MHICKCHPOBAHHBIX
otBetoB. Eciu W=0, T.e. KOpeHb Vo — CAMHCTBEHHAsI BEPLINHA, KOPCHb
Boruncisiet 3navenue H(G(q(vo))) 1 mocsuiaer BoBHe coobuienne «OTBET»
C 9TUM 3Ha4YCHHEM.

5.5. CooOmienue tuma 1, Tuma 2.
B cocrosiHum 3 Takoe COOOLICHHE HUTHOPUPYETCs:: aBTOMAT HHYEro He
JeTaer.

5.6. CooOwenue Tuna 3.

40

[lycte Tekymias BepiuumHa V umeeT uupaekc (i,j). ABromar cpaBHHBaeT

HOMep BOIPOCca a B COOOLICHUH M HOMEp BoIpoca b B cBoeit mamsTu.

5.6.1.

5.6.2.

Ecmu a<b, 1o 3710 03HauaeT, 4TO OTBET HA BOMPOC C HOMEPOM a YKe
OTIpaBJIeH KOPHEM BOBHE, a TIPHHATOE COOBIIEHUE — «OCTATOUHOEY
OT BBIYHCJIEHHUS OTBETa Ha 0ojiee PaHHHUIA BOIPOC COOOIIEHHE
HUTHOPUPYETCS: ABTOMAT HUYETO HE JIeNaeT.

Ecnu a>b, To 310 03Hauaer, 4To OTBET HAa BOMPOC C HOMEPOM D yixke
OTIpaBJIeH KOPHEM BOBHE, a COOOIIEHHNE COMEPKUT HOBBIM BOIPOC.
3ameruM, 4TO B 3TOM ciydae a=b+1, T.e. cooOluieHHe COACPKUT
CIIEYIONIHI BOTIPOC, & TEKYIIas BEPIINHA — HE KOPEHb. ABTOMAT
MPHUCTYIIAaeT K paboTe Hall HOBBIM BOTIPOCOM: MEPEMHCHIBAET B CBOIO
namsth u3 coobienus Bonpoc (G,E), HoMep Bompoca U MHOKECTBO
UHACKCUPOBAHHLIX OTBCTOB.

Ecmm »T0 nmcroBas BCpUIMHA, TO aBTOMAT BbIYUCIIACT 3HAUCHUC
G(q(v)) u 3amuceiBaeT ero Bmecte co cBouM uHuekcom (i,j) Kak

UHACKCOM OTHPABUTEISI BO MHOKECTBO MHACKCUPOBAHHBLIX OTBCTOB.
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5.6.3.

3ameTuM, YTO 3TO OyJeT MepBbI HHACKCHPOBAHHBIM OTBET (HA
BOIPOC C HOMEPOM &) OT BEPIIHH BETBH |.

Eciti 5T0 BHYTpEHHSsI BEPLIMHA, TO aBTOMAT HPOBEPSET, HET JIA BO
MHOYKECTBE MHIEKCUPOBAHHBIX OTBETOB B cooOmiennu orBeta G(b;)
ot BepuuHbI ¢ uuaekcoM (i,j+1). Ecnu ecth, TO aBTOMAT BHIYUCIISACT
snauenne E(G(by), G(q(v))) u 3amuceIBacT €ro BMECTE ¢ HHIEKCOM
(i,]) xak MHIEKCOM OTIPABHUTEIS BO MHOKECTBO MHIEKCHPOBAHHBIX
otBeToB BMecTO oTBeTa G(b1) 0T Bepiuunsl ¢ ungexcom (i,j+1).

Ecin a=b, 1o 3T0 oO3Hauwaer, uTO mpoJOIIKaeTcs pabora Ha
TEKyIIMM BOMPOCOM C HOMepoM a=b. Apromar cpaBHHBaeT
WHJIEKCHPOBAHHbBIE OTBETHI U3 COOOIIEHUS M U3 CBOCH mamstu. Eciu
B coobmennn ecth wuHAekcupoBaHHbl oTBeT (Gy,(ir,j1)), a B
BCPLIMHE HET OTBETa OT BEPIIMHBI Ha TOM JX€ BETBH i, TO
unaekcupoBanublid otBeT (Gy,(iy,j;)) moOaBiseTcss B MHOXECTBO
WHJIEKCUPOBAHHBIX OTBETOB B BepiuuHe. Eciu B BepuIMHE €CTh
uagekcupoBanuelii  otBeT (Gy,(i1,j2)), TO aBTOMAT CpaBHUBAET
PACIIONIOKEHNE HA BETBU OTIIPABUTEIICH OTBETOB M3 COOOIICHUS U 13
BepluuHbl. Ecnmu j; =>j;, TO OTBET W3 COOOLICHHS HTCHOPHPYETCSL.
Ecnu j; <jp, t0 otBer (Gy,(ig,j1)) u3 coobuienus 3ameriaer coboi
oteer (Gy,(i1,j2)) B BepIuHe.

Ecnu Tekymiasi BepIivHa JIMCTOBas, TO aBTOMAT OOJIbIIE HUYETO HE
JieJaer.

Ecnu Texylas BEpIIMHA BHYTPEHHSIS, TO ABTOMAT IIPOBEPSET, HET JIK
BO MHOYKECTBE HUHJIEKCUPOBAHHBIX OTBETOB B Bepiuune orBera G(b;)

ot BepumHbI ¢ uHaekcoM (i,j+1). Ecan ecth, To aBTOMAT BEIYHCIISAET
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snauenune E(G(b;), G(q(v))) u 3amuceiBaeT ero BMECTE C UHIEKCOM
(i,J)) xak WHOEKCOM OTMPABHUTENs] B MHOXECTBO HWHICKCHPOBAHHBIX
otBetoB BMecTo oTBeTa G(b;) oT Bepumnbl ¢ nuaexcom (i,j+1).

Eciu Tekyiias BeplIMHA KOPEHb, TO aBTOMAT MPOBEPSET, YTO BO
MHOXXECTBE HHICKCHPOBAHHBIX OTBETOB HHACKCHI OTIpaBUTENEH
mpoOeraroT BCE MHOXKECTBO HWHICKCOB OJIIDKAHIIMX K KOPHIO
sepinH: {(i,1)]ie[1..w]}. Eciu 310 He Tak, TO aBTOMAT GOJIBIIE
HUYEro He JeaeT. B MpOTHBHOM cClyyae aBTOMAT BBIYHCISCT
pesynbrupyromee 3HadeHne GyHKuuu H(Eu+1(Gy,...,Gy,Gy+1)), Toe
G; otBer ot BepumHbl ¢ uHaekcoM (i,1) ms i=1..w, Gy.+1=G(q(vo)).
Ipu stom ¢yHkImA Eyyq BBIYHCIACTCS WTEPATHBHO C MOMOILIBIO
¢Gynxuu E: s j>1 umeeM Ej14(Gy,...,Gjr1) = E(Ej(Gy,...,Gj), Gjra).
BeraucinenHoe 3HaueHHE (YHKIMH AaBTOMAT OTIPABISIET BOBHE B

coobmennn «OTBET.

6. YmeepxOeHus U OUeHKU

6.1. Paamepbl namMsaTK aBTOMaTa 1 coooLLeHunsA

By,ueM CUuTaTh, 4TO I/IHCHTI/I(I)I/IKaTOp BEPIIMHBI 3aHUMACT X our namsTu, HOMEpP

JIYTH OTPAaHWYCH CBEPXY YHMCIOM S<M, omucanue Kaxaod u3 ¢ynkuuid H,G wm E

3aHUMaeT He Oojiee Y OMT mamsTH, 3HAUeHHE (YHKIIMM 3aHUMaeT He Ooyiee Z OUT

mamsTH, HoMep Bompoca He mpesbimaeT N. Torma ciexyromue BETHIHHB UMEIOT

OTpaHWYCHHUs MO pasMepy: HacHTH(GHKaTop ayrd — X+logs, ommcanue ayru —

x+logs+2,

HOMCp BETBU J[JCpeBa — |OgW, HOMCp BCpUIMHBI Ha BETBU —

logh=log(](n-1)/w[), uaaexc — logw+logh=logn, omuicanune Bepumubl — 1+x+logn,

MHJIEKCHUPOBaHHBIA oTBeT — Z+logn, ympamnsiomee cocrosHue aBTomara — 3,
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MHOXECTBO oOmMcaHuii ayr — M(X+logs+2), Tum BepuMHBI — 2, MHOXECTBO
omucanuit BepmH — N(1+x+logn), MHOXECTBO HHAEKCHPOBAHHBIX OTBETOB —
w(z+logn), Tun coobuienus — 3.

Orciofa CJefyloT CIEIyIollie OrPaHUYCHUs Ha pasMep MaMsTH aBToMara B
pa3muYHBIX cocTosiHMAX (yuuThiBast, uro max{logw,logn}=logn):

HavanpHOe cocrosHue — 3 = O(1),

cocrostaue 0 — 3+x+m(x+logs+2) = O(mx+mlogs),

cocrosiame 1 — 3+x+3+logw+m(x+logs+2) = O(logw+mx+mlogs),

cocrostaue 2 — 3+x+3+logn+n(1+x+logn) = O(nx+nlogn),

cocrostaue 3 — 3+3+logn+3y+logN+w(z+logn) = O(y+logN+wz+wlogn).

Taxoke MOJYYarTCAa CICAYIOIHNC OrpaHUYCHHUS HA pasMep COO6H.I€HI/I$I (y‘II/ITBIBaﬂ,
gro max{logw,logn}=logn):

Crapt — 3+logw = O(logw),

T'otoB k padote — 3 = O(1),

Bompoc — 3+3y = O(y),

Ortser — 3+z = O(2),

Omm6ka mpotokona — 3 = O(1),

Tum 1 — 3+x+logs+m(x+logs+2) = O(mx+mlogs),

Tun 2 — 3+n(1+x+logn) = O(nx+nlogn),

Tun 3 — 3+logN+2y+w(z+logn) = O(logN+y+wz+wlogn).

6.2. Bpemsa paboTbl anroputma

Jlemma 2. ITocne nosydeHus: KopHeMm usBHe cooOmienus «Crapt» 3a Bpems O(n)

KaKIasi BEpIINHA ITOTYIUT COOOIICHHE.
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JlokazatenscTBo. Jlms  kopHst yTBepxknenune odeBuaHo. Ilycts n>1. TIlo
NPEANOI0KEHHIO O HaYaJIbHBIX Iyrax B paszeie 3, HayajbHas Jyra CyIIECTBYET B
HavyaJlbHbIi MOMEHT BPEMEHH M HE MEHsIETCs JI0 TeX 1I0p, MOKa Mo Heil He Mpoiner
nepBoe COOOIICHHe, M Kakaas BEpIIMHA JOCTI)KMMAa M3 KOPHS 10 HAYaJIbHBIM
nyraMm. ITockonbky BpeMeHeM cpabaThIBaHUS aBTOMAaTa MbI IpeHeOperaeM, aBToMar
KOpHst chopmupyer coobmienne tuma 1 depes 0 TakTOB TOCHE IMOMYyHEHHS
coobmenns «Crapt». [Tockonsky mmHa 1000T0 TYTH B Tpade, B TOM YHCIE ITyTH
[0 HayaJIbHBIM JyraM, He NPeBOCXOAMT N-1, OT KOpHS 10 Kakaoi HEKOpHEBOM
BEPIINHBI TOWAET coobiieHue Tuna 1 3a Bpems He Gosnee N-1.

JlemMa nmokasaHa.

Pezucmpupyemoii dyeoui Ha30BEM TaKyro Ayry a—b, KOTOpas MOSBIACTCS MEpBbIit
pa3 10 NOoIy4eHHUs BEPIIMHON & EPBOTO COOOLIEHHS.

Jlemma 3. B 000l MOMEHT BpEMEHH, KOTJa BEpIIMHA HAXOMUTCS B cocTtosiHuU 0
win 1, MHOXECTBO ONMUCAHUI IyT B 3TOW BEPIIUHE COJCPIKUT OMHCAHHS TOJBKO
perucTpupyembix ayr. Eciiu B 5TOM MHOXECTBE €CTh OTMCcaHue Iyru a—h, To B HEM

€CTh OTIMCaHME BCEX PETHCTPUPYEMBIX YT, BEIXOIAIINX H3 a.

JlokazarenbcTBo. Onucanue ayru a—b co31aéTest TOIBKO JI0 MOTYUEHHS BEPUIMHON
a MepBOrO COOOUICHHUS, TIO3TOMY CO3MAIOTCS OMHMCAHHS TOJBKO PETUCTPUPYEMBIX
JyT, U TOJBKO TAaKHE OMKCAHHS MOTYT OKa3aThCsi B COOOIICHUSX M B BEpIIMHAX.
ITockodbKy BCE PErHCTPHPYEMBIC IYTH, BBIXOISIUC U3 BEPIIMHBI 8, MOSBISIOTCS
JI0 TOJyYeHHs BEpUIMHOW & TMepPBOro COOOIICHHUS, OMHCaHUS BCEX ITHUX IyT
COBMECTHO OKAa3bIBAIOTCSI B KaKOM-JIMOO COOOMIEHWH WM B KaKOH-HUOYIb

BEpILIUHE.

JlemMa okazaHa.
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Jlemma 4. Yepes Bpemst O(N) mocie moiydeHHs BEPIIMHON a MepBOro cOOOICHUs
BCE PETHCTPUPYEMBbIC YT, BHIXOJSIIUE U3 ATOW BEpPIIMHBI, OYAYT B KOPHE UMETh
OIMCaHKE CO CTaTycoM 3.

JlokazatenbcTBo. PaccMorpum perumcrpupyemyto ayry a—b. Ilpu momydeHuu
BEpIIMHONH & TMepBOro CooOIIeHUsT MO Ayre a—0 moceutaeTcss COOOLIeHHUE,
coJieprkaliee omnucanue 3Tod ayru co crarycom 1. ITockonbky Bpems mepenadu
coOOIIeHNsI MO Jyre He NPEeBOCXOAUT | TakT, HE IO3Ke YeM uepe3 | TakT 3To
coobuieHre OO OyAeT AOCTaBIeHO B BepuinHy b, nu6o npomnanér. B mepeom
crmydae B BepumHe b myra a—b monydur craryc 3, nocne dero no gemme 1 yepes
Bpems He Gosee 3(N-1) B KopHE 3Ta JIyra Toxke OyaeT MMeTh craTyc 3. Bo BTOpoM
ciydae B BepummHe @ ayra a—b momyunrt craryc 3, mocie wero mo jgemme 1 depes
BpeMst He Gosee 3(N-1) B KOpHE 3Ta Ayra Toxke OymeT MMeTh craryc 3. Takum
o0pa3oM, Mocie IMOJy4eHHs BEepIIMHOI @ MepBOro COOOIIEHHS 4Yepe3 Bpemsi He
oonee yem 1+3(n—-1)=0(n) B KOpHE BCE PETHCTPUPYEMBIE IYI'H, BBIXOMIALINE W3
9TO# BEpIUIMHBI, OYAYT UMETh cTaTyc 3.

JlemMa sokazaHa.

Jlemma 5. Ecnu HavaspHas ayra a—b uMeeT B KOpHE cTatyc 3, TO KOPEHb «3HAeT» O
KOHIIE [OyrW, BepuimHe D, T.e. B KOpPHE eCTh MHOXECTBO OIHCAHUHA BCeX

PEruCTpUPYCMbIX AYT, BBIXOAAIIUX U3 b, 1 3TO MHOXKECTBO HE IIYyCTO.

JlokazaTenbcTBo. [10CKOIBKY HavaibHas Jayra a—b He MeHseTcs IO TeX mop, MOKa
[0 HeW He MpOMIET mepBoe COOOINEHHE, OHA MOJydYaeT CTaTyc 3 B BepliMHE b,
KOrja 3TO COoOoOIeHHe IOWAET 10 BepiudHbl b. OJHOBpEMEHHO IO JieMMe 3
BepiMHa b 106aBUT BO MHOXKECTBO OIMCAHWM BCE PETUCTPUPYEMBIE IYTH,
BEIXO/SIIME U3 He€. B 3TOT ke MOMEHT BpEMEHHW B BEpINWHE a Jyra IojaydaeT

CTaTryc 2, CJI€JI0OBATEJIbHO, B BEPIIMHE A 3Ta AYyra HEC IIOJIyYMUT CTaTyC 3 1o curHajam
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U nnnm I1. CnenoBatenbHO, 1000€ MHOXKECTBO ONMCAaHMH YT (B BEpPIUMHE WMJIM B
COOOIIEHNN), CcoJiep)Kalllee OIMMCAaHHE JTOH AYTM CO CTaTycoM 3, COJCPKUT H
OMHCAaHUE BCEX PETUCTPUPYEMBIX YT, BRIXOJAAIIMX U3 Bepinuusl b. [Tokaxem, 4to
W3 BEPINMHBI b BRIXOMT XOTS ObI OfIHA pEerHCTpUpyeMast ayra. JleHCTBUTENBHO, 1O
MPEIONI0KEHHIO O TOJTOKUBYIINX Ayrax (B KaXIBIH MOMEHT BpPEMEHH OHH
00pa3yroT CHIIBHO CBSI3HBIA cyrpad), XOTs Obl OJHA JOJTOXHUBYIIAs Ayra JOJHKHA
CYIIECTBOBATH B MOMEHT TIOJNYYCHHSI BEPINUHON b TepBoro coobimieHums. A Torma
9Ta JOJTOKUBYIIAS [yra PETUCTPUPYEMAas.

Jlemma nokasaHa.

Teopema 1. ITocie nmonyueHus KopHeM u3BHE coolOmienus «Crapm» 3a Bpems O(n)
KOPEHb IEPEeHAET B COCTOSIHHE 2, MPHYEM BO MHOXKECTBE OIMCAHHI BEPIIUH B
KOpHE Oy/yT Bce BEpIINHBI Ipada.

[loxazarenpcTBO. B BEIpOKAEHHOM citydae, KOTrAa W3 KOPHS HE BBIXOIAWT HU OJHA
perucTpupyemMasi ayra, KOPCHb MEPEXOJHUT B COCTOSHHE 2 B TOT KE MOMECHT
BPEMCHHU, KOrjga OH moiy4aeT coobmenue «Crapt». B a3rom ciydae 1o
MPEIIIOI0KEHUIO O HaYallbHBIX ayrax N=0.

Iycte n>1. TTo nemme 2 3a Bpemst O(N) Bce HEKOPHEBBIE BEPIUIMHBI MMOJIyYaT IIEPBOEC
coobmenue. [To omucaHuIo aNropuT™Ma 3TO MOXKET OBITh TOJIBKO COOOINEHHE TUIA 1.
Ilo nmemme 4 mocie atoro uepe3d Bpems O(N) B kopHe OyAeT omucaHHE BceX
PETHCTPUPYEMBIX AYT CO CTATYCOM 3. A B 3TOM CJIydae aBTOMAT KOPHS EPEXOIUT B
cocrosane 2. Temepp mokakeM, 9TO BO MHOXXECTBE OIMCAaHWK BEPIIMH B KOpHE
OyayT Bce BepmmHBI Tpada. [mg 3Toro mocTatoyHo, 4TOOBI MPH TMEPEeXoAe u3
cocTtossHUS 1 B cocTosHHME 2 B KOpHE KaxkIas BepIIMHA BCTpEeYalach KaK HA4ajo
OMUCaHMs HEKOTOpoW ayru. [1o mpermosiokeHUI0 0 HaYaJbHBIX IyraXx B KaKIYIO

BEpIIMHY D CymiecTByeT MyTh OT KOPHS MO HavanbHbIM Ayram. [IOCKOIbKY Bce
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HAYalbHBIC JYI'M PETUCTPUPYEMBbIC, B KOpPHE OyAET ONHCaHHE HEKOTOPOM
HavyaJbHOM Iyru a—h. A Torma mo semme 5 KopeHsb «3HaeT» o Bepruuae b. Utak, 3a
BpeMst O(N) KOpeHb NEPEUNET B COCTOSHHE 2, MPUUYEM BO MHOMKECTBE ONMCAHHIA
BEPIIMH B KOPHE OYyIyT BCE BEPIIMHEI rpada.

Teopema noka3aHa.

Teopema 2. Yepes Bpems O(n) mocie mepexoma KOPHS B COCTOSHHE 2 KOPEHb
OTIPABUT BOBHE coodmeHne «['0ToB K paboTey.

[loxazarenncTBo. Korma kopeHs mepexoanuT B COCTOSHHUE 2, 1O TeopeMe 1 KopeHb
«3HaeT» o0 Bcex BepmmHax. OH (GOpMHpYeT ONMMCaHWE BUPTYaJIbHOT'O OOpaTHOTO
JlepeBa KaKk MHOKECTBO ONMHMCAHWHN BEPIIWH W MHHUIIUHPYET PACCBHUIKY COOOIICHHS
tuna 2. [lo gemme 1 Bce BepLIMHBI MOJYYaT 3TO COOOLICHUE MEPBBIA pa3 uyepes
Bpemst O(n). Kaxknas Bepinna, mojydasi cooOIIeHre Tuna 2 MepBblid pa3, yaausier
U3 Hero cBo€ onucanue. Kpome TOro, NpH TONYYECHUH BEPIIMHON KaxJIOro
CJICZIYIOIIETO COOOIICHUsT TUMA 2 CTPOUTCS IMEPECEYCHHUE MHOXKECTB OIHMCAHMMA
BepIIMH B cO00IIeHnH U B BepiimHe. [loatomy mo semme 1 yepes Bpems O(n) B
KOpHE TIOIYYUTCS ITyCTO€ MHOXECTBO OTHMCAHUH BepmIMH. Torna KOpeHb OTIPaBUT
BOBHE coobmienue «I'oToB Kk pabore». Obmiee Bpems O(n).

Teopema nokazana.

Teopema 3. Yepes Bpemst O(n?/W) mociie molydeHust KOpHeM coobuierns «Bompocy
(6e3 HapymieHHss TPOTOKOJA) KOPEHb IOCHIIaeT BOBHE cooOmeHne «OTBET», B
KOTOPOM HaXOJIUTCA IPAaBHIBHO BBIYUCICHHOE 3HAYCHHWE YKa3aHHOH B BOIIpoOce
(dyHKIINN.

[loxazarenncTBo. IIpaBUIBHOCTE BRIYMCICHUS (DYHKIIMHA HEITOCPEICTBCHHO CIIEAYET

13 e€ TpEeNCTaBICHHUs Yepe3 MHUHHMAILHOE arperatHoe pacmupenue (pasmen 2),
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BIIOXKCHHOE pa3OueHne MyapTUMHOKecTBa ((V) Ha BUPTyalsHOM OOpATHOM JIepeBe
(mompaszzaen 4.2) U peanu3aluio 3TOTo JepeBa B aJITOPUTME.

ITo nemme 1 3a Bpems O(N) kaxkaas BepIIMHA, B TOM YHCIE KaKaasl JHCTOBAas
BEpIINHA, MTOJYYUT COOOIIEHHE THIa 3 ¢ TEeKYIIUM BONpocoM. JIucroBas BepIinHa
cpa3y BelUMCIsIeT TpeOyemblii oTBeT. Jlamee kaxnmas BepunHa ¢ uHmekcoM (i])
BBIYUCIISIET TPeOYEMBIil OTBET MOCIE MOIYyYESHUS 110 BUPTYaIbHOH qyre cooOImeHus,
B KOTOPOM COJCP)KHTCS OTBET OT NPEIbIIYIIeH Ha BETBH BEPIUMHBI C HHACKCOM
(i,j+1). TTo nemme 1 Bpems mepemadn COOOIICHHS TI0 BUPTYAJbHON Jyre PaBHO
O(n). CnenoBarenbHO, KOPEHb HOJNYYHT OTBETHl OT BCEX BEPIUMH C HHICKCAMHU
(1,1)..(w,1) 3a Bpemst O(hn). KopeHs BBIYHCIISET CBOM OTBET U IIOCHUTACT €r0 BOBHE
B coobmennn «OtBer». Takum oOpazom, oOmiee BpeMsi BBIYWCIECHUS PaBHO
O(hn)=0(n’/w), mockomsky h=](n-1)/w[.

Teopema nokazaHa.
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Parallel Calculations on Dynamic Graph

Igor Burdonov <igor@ispras.ru>
Alexander Kossatchev kos@ispras.ru
Institute for System Programming of the Russian Academy of Sciences,
25, Alexander Solzhenitsyn st., Moscow, 109004, Russia.

Abstract. The problem of parallel computation of the value of a function of multiset of
values recorded at the vertices of a directed strongly connected graph is considered.
Computation is performed by automata that are located at the graph vertices. The automaton
has local information on the graph: it "knows" only about arcs outgoing from the vertex it
resides in, but it "does not know" where (to which vertices) those arcs go. The automata
exchange messages with each other that are transmitted along the graph arcs that play role of
message transfer channels. Computation is initiated by a message coming from outside to the
automaton located at the initial vertex of the graph. At the end of work, this automaton sends
outside the calculated function value. Two algorithms are proposed to solve this problem. The
first algorithm carries out an analysis of the graph. Its purpose is to mark the graph by a
change of the states of the automata at the vertices. Such marking is used by the second
algorithm, which calculates the function value. This calculation is based on a pulsation
algorithm: first, request messages are distributed from the automaton of the initial vertex over
the graph, which should reach each vertex, and then response messages are sent from each
vertex back to the initial vertex. In fact, the pulsation algorithm calculates aggregate functions
for which the value of a function of a union of multisets is calculated by the values of the
function of these multisets. However, it is shown that any function F(x) has an aggregate
extension; that is, an aggregate function can be calculated as H(G(x)), where G is an
aggregate function. Note that the marking of a graph does not depend on a function that will
be calculated. This means that the marking of a graph is carried out once; after that, it can be
reused for calculating various functions. Since the automata located in different vertices of
the graph work in parallel, both graph marking and function calculation are performed in
parallel. It is the first feature of this work. The second feature is that calculations are
performed on a dynamically changing graph: its arcs can disappear, reappear or change their
target vertices. The constraints put on the graph changes are as minimal as it allows solving
this problem in limited time. Estimate of working time is given for both algorithms.

Keywords: directed graphs; graph exploration, communicating automata, parallel processing,
aggregate functions, dynamic graphs.
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