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AnHoramus. IIpennoxken oOmUA MOAXOX K pEIICHHIO 33a7ad Ha HEOPUEHTHPOBAHHOM
YHNOPSAZOYEHHOM KOPHEBOM CBSI3HOM rpad)e KOJUIEKTHBOM aBTOMATOB, PACIIOJIOKECHHBIX B
BepiuiMHax rpada W OOMEHHMBAIOMIMXCS COOOIIEHUsIMU 1Mo p&Opam rpada. ABTOMATHI
CUHUTAIOTCS MOITYypOOOTaMH, T.€. pa3Mep MX IMaMsITH MOXET PacTH BMECTE C POCTOM dHCiIa N
BepHmIMH 1 4ucna M pébep rpada, HO omucanue rpada MOXKET HE IOMENAThCS B MaMATH
aBToMara. B pasznmene 2 wiaccuuImpyroTcss MoJenH KOJUISKTHBAa aBTOMAaTOB Ha rpade B
3aBUCHMOCTH OT pa3Mepa MaMsATH aBTOMAaTa, BPEMEHH cpabaThIBaHMsI aBTOMAaTa M EMKOCTH
pebpa (uucna cooOrieHnH, OAHOBPEMEHHO MepeMeInaromuxcs no pedpy). Beidpana mozaens
MaKCHMaJIbHOTO pacliapajuie/IBaHus, B KOTOPOH BpeMs cpabaThIBaHUS aBTOMATa CUUTACTCS
HYyJEBBIM, a €MKOCTh peOpa HEOrpaHMYCHHOW. JTO MO3BOJISET MOJNY4aTh HIDKHUE OLEHKU
CIIO)KHOCTH aJITOPUTMOB peIIeHHs 3amad. Pazgmen 3 ompepenseT NpaBWila OLEHKH
anroputMoB. B pasnmene 4 onmcansl 6Ga3oBble Hpolexypbl 00pabOTKH COOOIIEHHMH U
HPOBOJUTCS KJIACCH(UKAIUS HCHONB3yeMbIX COOONICHUH B 3aBHCHMOCTH OT MapIIpyTOB,
HPOXOANMEBIX COOOIIEHUSIMH, ¥ CIIOC00a pa3sMHOXEHHs WIIH CIIUSHUS coobmenuid. Ha ocHose
9THX TPOLEyp Ipeliaraercs CTPOUTh AITOPHTMBI pEIIeHHs 3agad Ha Trpadax, d9ro
JEMOHCTPUPYETCS B CIEAYIOLINX pa3fenax craTbi. B pasnenax 5-9 mpemsnoxeHbl aaropurm
HOCTPOCHHUs OCTOBA rpada, aJropUT™M YHHBEPCAIBHOTO «CTONOPA», ONMPEENSAIONIEro KOHell
paboThel M000TO ANTOpPUTMa MO OTCYTCTBHIO B rpade COOOIICHHH, HCIONB3YEMBIX 3THM
ANTOPUTMOM, aJTOPUTM TOCTPOCHHUs JiepeBa KpaT4yalIIMX MyTeH, aJroputM HyMepanuu
BepIIMH rpada, U anroput™ cbopa momypobotamu uadopmanuu o rpade B HEOrpaHUICHHOMH
TaMsITH aBTOMarta KopHs. [IpeioyxkeHHble alNropuTMBl HMEIOT JINHEHHYIO CIIOXKHOCTB OT N |
M, ¥ WCIOJB3YIOT YHCIO COOOIICHWH, JMHEHHO 3aBucsmee oT N U M. B pasmene 10
paccMaTpHBaeTcsl 3ajada IOMCKa MaKCHMAalbHOTO IYTH B HYMEPOBAaHHOM rpade, KoTopas
otHocuTcss Kk kimaccy NP. 3a cuéT HeorpaHWYeHHOTO (SKCIOHCHIMAIBHOTO) YHCIa
COOOIICHNH ATOPUTM PEUICHHUS 3TOH 3aJaud MMEET JIMHEWHYIO CIIOKHOCTh. B 3aKimodeHun
MOABOAATCS WTOTM M HAMEYalOTCs HANpAaBICHHUS JajbHEHIINX HCCICJOBAaHMIL: pelIcHUEe
JPYrUX 3a1a4d Ha rpadax ¥ paclUIMpeHHEe MOAXOJa Ha OPUCHTUPOBAHHBIC Ipadbl, a TaKKe
HeJIeTePMUHHUPOBAHHbIE U IUHAMHYECKHE TPpadbl.
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pacrpeenéHHbIE CUCTEMBI, PaCIIPeIeICHHBIE aITOPHTMBI.

1. BeedeHue
HCO6XOHI/IMOCTL B peIIIeHI/II/I pa3HI/I‘IHLIX 3aga4 Ha rpa(bax BO3HUKACT BO MHOT'HX

NPWIOKCHUSIX: B MHPOPMATUKE U MPOTPAMMHUPOBAHUN, B KOMMYHUKAIUOHHBIX H
TPAHCHOPTHBIX CHCTEMaX, CXEMOTEXHUKE, IKOHOMHUKE, JIOTUCTHKE, (U3UKE, XUMUHU
u ap. [IpuMepoM Takux 3a7a4 MOTYT CIY)KUTb 337241 IOUCKA MaKCUMAaJIbHOTO MYTH
B rpade, moctpoeHHe MHHUMAILHOTO OCTOBHOIO JiepeBa BO B3BellIeHHOM rpade,
MOCTPOCHHE MAaKCHUMaJbHOIO HE3aBUCHMOIO MHOXKECTBA BEpIIHH, OINpEIeiCHUE
BCEX MOCTOB B HEOPHEHTHPOBAHHOM rpade, MpoBepKa HAIWYHUS dMIEPOBOro MyTH
WX IIMKJIA, POBEPKA HAJMYUS TaMIJIbTOHOBOTO IYTH WM ITUKJIA U TIOCTPOCHUE HX,
MpOBEpKa IUIAHAPHOCTH rpada W packpacka IUIAHAPHOTO Tpada, MOCTPOCHUE
HAUOOJIBIIETO AIlMKINIECKOTO moarpada OpUEHTHPOBAHHOTO Tpada u Jap.

B mupoBoi#i nuTepaType, Kak B TCOPSTHYCCKOM, TaK W B IPAKTHYECKOM ILIAHAX
OIMKCAaHO MHOTO Pa3JIMYHBIX aJITOPUTMOB PEIICHUS aKTyalbHBIX 3a7a4d Ha rpadax c
OIICHKaMU BpeMeHH pabOThl B 3aBUCHMOCTH OT YHCJa BepIIuH, pEdep W Apyrux
mapameTpoB Tpada. OmHako B OOJBIIMHCTBE CBOEM 3TH AJITOPUTMBI HMEIOT
OOJIBIYI0 BBIYUCIHUTENBHYIO CIOXHOCTh, MMO3TOMY B TMOCIEIHHE TOJAbI PacTeT
MHTEPEC K MapajyiebHbIM U PaclpeeEHHBIM KOMITBIOTEPHBIM anroputmam. Takue
QITOPUTMBI  TIO3BOJIIIOT CYIICCTBCHHO YMEHBIIUTh BpPEMs pCIICHUS 3agad H
TpeOYIOT MEHBIIIC MAMSITH B KaXXJOM M3 HCHOJIb3yEMbIX KOMIBIOTEPOB. 3BeCTHEIC
U anpoOMpPOBAHHBIC ANTOPUTMBI YACTO IUIOXO paclapaUICIMBAIOTCS  HJIH
BO3MOXXHOCTh ~ TaKOTO  paclmapajuieiuBaHus  TpeOyeT  JIOTOJHUTEIBHBIX
uccaenoBanuii. B mepBoM ciyyae HE0OXOIUM MOUCK HOBBIX AITOPUTMOB, a BO
BTOPOM Cilydyae — alalTalus HMEIOIINXCS alrOPUTMOB.

Mojiesnplo pacrpeaenéHHbIX alrOPUTMOB JJIsl PElIeHHs 3aj1a4 Ha rpadax CIykKUT

KOJUIEKTHB aBTOMATOB, KOTOPBIE KaK-TO «IIPUBA3aHB» K Tpadyy U B3aNMOJAECHCTBYIOT
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MEXIy CO0OM ¢ MOMONIBI0 Tepenavyn COoOIIeHu. B 3aBUcCMMOCTH OT crocoba
«IIPUBS3KN» K Tpady pa3nnvaoT OBE albTepHATHBHBIC 0a30BBIE MeTaMonend. B
00enx MeTaMOJeNsX aBTOMAaThl HaXOIIATCSA B BEPIIMHAX rpada, a pa3IndaroTcs 3TH
METaMOAETH TeM, KaK HCIONb3yloTcs pébpa rpada. B mepBoit meramonenn
ABTOMAThl MOOWJIBHEI 1 MOTYT IIepeMeIaThbes o péopam rpada u3 oJHON BEPIIMHBI
B JPYIYIO, a JJsl B3aUMOJICHCTBUS aBTOMATOB HMCIOJNB3YETCS JIOKANbHAS MAMSTh
BEPILUH, W/WIH 00MEH COOONICHUSIMHU 110 HEKOTOPO# JOMOJHUTEILHOW CETU CBSI3U,
He3aBUCHMMOW oOT rpada. Bo BTOpoi Meramoaenw aBTOMAThl HEIOJIBMIKHO
HaXOJAATCS B BEPIIMHAX, a POJb KaHAJIOB Iepenadd COOOIIeHWi urpaioT peédpa
rpada, o KOTOPEIM 3TH COOOIIEeHus nepenaroTcs. Ecnu rpad opueHTHpOBaHHBIH,
TO aBTOMAThI (B MEPBO METaMOENN) WM COOOIIeHHs (BO BTOPOW METaMOIENHN)
mepeMeriaoTcss mo péOpaM TOJNBKO B HANPABICHUU WX OpPUCHTALMHU, B
HEOPUCHTUPOBAHHOM rpade péOpa MOTYT MPOXOIUTHCS B 000HX HAIIPABICHHUSX.
Jis Toro 4ToOBI U3 BEPIIMHBI 10 MHIUICHTHOMY €l pedpy (BbIXoasmieMy peOpy B
OPUCHTUPOBAHHOM rpade) Mor mepeMenaThCsi aBTOMAT WU COOOIICHUE, aBTOMAT B
BEpIIMHE JOJDKEH JTO pebpo ykasate. [lnsg 3TOro mpemmonaraercs, 4YTo B
HCOPUCHTUPOBAaHHOM rpade Bce pEOpa, UHIMICHTHBIC BEpIIMHE, a B
OpPHEHTHUPOBAaHHOM rpade Bce pEOpa, BEIXOAIINE U3 BEPIIUHBI, IIEPCHYMEPOBAHBL.
[Ipu nmepemenieHnu o pedpy yKa3bIBaeTcs ero HoMep. B opueHTHpOBaHHOM Tpade
pedpo nMeeT TOIbKO OMH HOMEp — B TOH BEpIIMHE, U3 KOTOPOIl OHO BBIXOZMWT, a B
HEOPHECHTUPOBAHHOM Tpade peOpo mMeeT ABa HOMEpa — II0 OJHOMY B Ka)IOH
MHIMJICHTHON eMmy BepmmHe. Takoit rpad ¢ Hymeparmeid péOep Ha3bIBacTCS
ynopsooyennviM. B nanpHeieM npeanonaraeTces, 4to rpad yrnopsijioyeH.

Msl Oynem cuuTath, 4TO B Tpade BBIACICHA OJHA BEPIIUHA, STy BEPIIUHY OyJaeM
Ha3bIBaTh KopHem rpada, a rpad — kopHesvim. C KOPHS M HAUUHACTCS PEIICHUE TOMH

WIM HUHOM 3ajjaud Ha rpa(be: aBToMar, HaXOOAIIMHCS B KOpHE, MOJIy4a€T H3BHE
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rpada (mo «pukTHBHOMY» peOpy, BXOIANIEMY B KOpPEHb) COOOIICHHE,
HMHULOMYUpYIoNee pelleHne 3agayd. Ilocie OKOHYAaHHS peLIeHHs 3aJadd aBTOMat
KOpHsI Tak)ke BOBHE (10 «(PUKTHUBHOMY» peOpy, BBIXOSAIIEMY W3 KOPHS) IMOCHIIACT
cooluieHne ¢ «oTBeTOM». Jlist TOro 4roObl KOJUIEKTHB aBTOMAaTOB MOT pellaTh
3aja4dy Ha BcEM rpade, Takoi rpad, 0O4eBHIHO, JOJDKEH OBITH CBSI3HBIM.

Panee MBI u3ydanu 3agady 00xoza rpada KOJUIEKTHBOM aBTOMAaTOB, KOT/IA JJOJDKHO
ObITH TpoOiieHO Kaxjaoe peOpo rTpada: KakuM-HUOYJIb aBTOMAaTOM B IEPBOH
meramonenu ([1],[2],[3],[4],[5]) wnu kakum-HHOYZb cOOOLICHHEM BO BTOPOWH
meramonenu ([6],[7],[8],[9],[10],[11]). dnst BTOpOit MeTaMozAeIH TakXke pelanach
3a7a4ya BBIYMCIICHHUSA (QYHKIUH OT MYJbTUMHO)KECTBA 3HAYEHHH, 3alMCAHHBIX B
BepumHax rpada ([7],[8],[10],[11]). [annas craThs OTKpBIBAET CEPHUIO CTATEH,
NOCBAIIEHHBIX DPEIICHHI0 KOJUIEKTHBOM aBTOMAaTOB IPYrHX 3amad Ha rpadax,
KOTOpbIe He CBOAATCA K 00Xxomy rpada, XOTS MOTYT HCIIONB30BaTh aJITrOPUTMBI
ob6xoma. Mbl OyneM HCXOAWTH M3 BTOPOH METaMOJENW: aBTOMAaThl HENOABHIKHO
«CUATY B BeplIMHax rpada, a cooOLeHus nepechiiaores mno péopam rpada.
Pacnpenenénnas cucrema npeanoiaraeTcs aCHHXpOHHOW. DTO 03HaYaeT, 4TO BPEeMs
nepeMelIeHHs: COOOLEeHuUs 10 pedpy MOXKET OBITh Pa3HBIM Kak IS pa3HbIX pEdep,
TaK U B pa3Hble MOMEHTHI BPEMEHHU JUIs OHOTO M TOTo e pedpa. bynem cuwmrars,
4T00 BpeMs IEpEMEILECHHsI COOOLICHUs IO peOpy OrpaHuueHO CBEPXY.

Mertonsl pemeHust 3a7a4 Ha rpadax KOJJICKTHBOM aBTOMATOB CYIIECTBEHHO
3aBucAT OT 1) THIa rpada, 2) TUIIa aBTOMATOB, 3) THIIA peLIaeMOH 3a1auH.

I'padp mMoxeT OBITh HEOPHEHTUPOBAHHBIM, OPUEHTUPOBAHHBIM M CMELIaHHBIM. B
HEOPUEHTHUPOBAHHOM rpade NpearosaraeTcs UCroib30BaTh BO3MOXKHOCTh MOCBHUIKH
OTBETHOTO COOOIICHHUS MO TOMY XK€ pPedpy, M0 KOTOPOMY OBLIO MOTYyYCHO HPSIMOE
coofbuieHre. DTO IMO3BOJSIET CYIIECTBEHHO YMEHBLIMTh BPEMs PEIICHHUS 3alayH.

Oror ke cmocod MOXKHO UCIONB30BaTh B CMEIIaHHOM rpade s ero
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HEOPUEHTHPOBAaHHBIX pé&Oep. B  opuenTHpoBaHHOM Tpade MAIsi OTBETHOTO
COOOIICHHS IPUXOJAUTCS UCKATh OOpaTHBIN MyTh M3 KOHIIA pedpa B ero Hadano. J{is
3TOTO MOTYT HCIIOJIb30BAThCS MPSMOH (OPHUEHTHPOBAHHBIN OT KOPHS) M OOpaTHBIN
(opueHTHpOBaHHKIM K KOpHIO) ocTtoBhl rpada ([6],[7],[8],[10],[11]).

I'pad ™moxeT OBITH JETEPMUHHUPOBAHHBIM WIJIM HEJCTEPMUHHUPOBAHHBIM. B
HeJIETEPMUHUPOBAHHOM Ipade HECKOIBKO pEOep, BHIXOSIINX U3 OJHOM BEPIINHEI,
MOT'YT UMETh OJJUH HOMEP; MHOKECTBO TaKUX pEOEp Ha3bIBACTCS Oeabimda-pedpom.
[Ipu mocebuike cooOuieHust BBHIOOp pedpa M3 jAenbTa-pedpa ¢ JaHHBIM HOMEPOM
BBINOJIHAETCS HEJETEPMUHUPOBAHHBIM 00pazoM. s Toro 4ro0Obl rapaHTUPOBATH
BO3MOXKHOCTh DCUICHHs 33/1a4d Ha HEACTEPMHUHUPOBAHHOM rpade NpPUXOJUTCS
HajlaraTb T€ WIM WHbIE OrpaHMYCHHs] Ha HeAeTepMHHU3M rpada (st mepBoit
meramomenu cm. [3],[5]). IlpuMepoM Takoro OTpaHWYEHHS MOKET CIYXHUTb
CTpaBeUIUBBII HEIETEPMUHHM3M, TapaHTHPYIOUIMN Iepenady COOOIIEHHS 10
JaHHOMY peOpy M3 JaHHOTO JenbTa-pedpa Iocje KOHEYHOro (He o00s3aTelbHO
OTPaHWYEHHOTO) YMCIIa MOIBITOK.

Jpyroit noaxox k 00Xoxy HeJETEPMHUHUPOBAHHOTO rpada — 3TO U3MEHEHHE caMoi
Leny 00Xo/a: BMECTO TOTO, YTOOBI IIPOXOJUTH N0 BCceM pEOpam, TpeOyeTcst MpOHTH
10 BCEM JieNibTa-pEOpaM, TO €CTh XOTA OBl IO OJHOMY peOpy B KaXKJOM JelbTa-
pebpe [12]. DTo MMeeT MPAaKTHYECKHHA CMBICH TPH TECTHPOBAHHH MPOTPAMMHOM
peanu3alyy MOZCINA CUCTEMBI: B KaXIOM COCTOSIHUM CUCTEMBI MbI IIPOOYyeM MOAATh
Ha He€ KaXJ0e TECTOBOE BO3JciicTBHE XOTs Obl mo oaHOoMy pasy. Ecmu rpad
OpPHEHTHPOBAH, TO Ui 00X0Ja BCEX ero AenbTa-péoep TpedyeTcs NenbTa-CBI3HOCTh
rpada (B OpHEHTHPOBAaHHOM Tpade CHIBbHO-IeIbTa-CBI3HOCTh [12]). B wactHOCTH,
JOCTaTOYHO HaJIW4Ms B rpade 1eTepMUHUPOBAHHOTO OCTOBA (B OPUEHTUPOBAHHOM

rpade aBa 0CTOBa: OPHEHTHPOBAHHBIN OT KOPHS M OPUEHTHUPOBAHHBIH K KOPHIO).
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Taxoke rpad MOXKeT OBITh TUHAMUYECKH MEHSIOMIMMCS: €T0 peOpO MOXKET HCUe3aTh,
MOSIBJIATHCS WIIM MEHATh OIWH W3 CBOUX KOHILOB. Jlisi pemieHus 3amad Ha
JUHAMHYECKOM rpade MPHUXOANUTCS HCIONB30BaTh KAKHE-TO OrPaHWUYCHHs Ha
«CKOpOCTB» H3MeHeHHus p&Oep, YTOOBI TapaHTUPOBATh JOCTaBKY COOONICHWH B
HY>KHBIC BeplIMHBL. Hampumep, HEKOTOpbie pEOpa «OITrOXKUBYIIUE», T.€. TaKOE
pedpo He MeHseTCcs B TEYEHHE BPEMEHH, KOTOPOE JIOCTATOYHO VISl Mepedadd 1o
HeMy XoTsi 061 ogHOTr0 coodmenus ([9],[10],[11]).

Kpome 3TOro, CymieCTBEHHOW XapaKTEPHCTUKOW rpada sBISETCS HAIUYHE WIH
OTCYTCTBUE HyMEpAaLMH ero BepiuiuH. ['pad) Hymeposannwiil, €CIIM BCE €ro BEPIIUHEI
MOMEUEeHbl PAa3UYHBIMH WACHTU(DHKATOPAMH, B YAaCTHOCTH, NPOHYMEPOBAHBI
nensiMu uncnamu 0, 1, 2, ... Hymepanms tpada ma€r BO3MOXKHOCTH pa3inyaTh
BepuIMHBI Tpada Mo HMX HOMEpaM, YTO CYIIECTBEHHO BIMSET HA AITOPUTMBI
peuienust 3aia4 Ha rpade. Bo MHOrmMX ciydasx Ajisi pelieHHs 3aJadd IOJIe3HO
CHayaJia BBINOJHHUTh HyMEpalMio Tpada ¢ MOMOIIBI0 TOAXOJAIIECrO alropuT™Ma, a
YK€ TIOTOM pelIaTh 3a1a4y Ha HyMEpOBaHHOM rpade.

Crerpriueckord  XapaKTEPUCTHKON aCHHXPOHHON pachpelenEHHON CHCTEMBI
ABJISIETCS €MKOCMb pedpad — MaKCUMaIbHOE 4YUCIIO COOOIIEHHH, OZHOBPEMEHHO
nepenaBaeMbIX 0 pedpy, WM UX CYMMAapHBIN pa3mep.

ABTOMATBl XapaKTepU3yIOTCS pa3MepoM IMaMsiTH W BpeMeHeM cpabarbiBaHus. [lo
pasMepy mamsTH aBTOMAaThl JENSTCs Ha po6ombi, NOIYPOOOMbL U HEOSPAHUYEHHbIE
agmomamsol B 3aBUCUMOCTH OT Pa3Mepa UX MaMsITH, KOTOPBIH ONpeNeIsieTcs] YUCIOM
COCTOSIHUHM, BXOJIHBIX M BBIXOIHBIX CHMBOJIOB. POOOTBI — 3TO KOHEUHBIC aBTOMATHI,
mamsTh KOTOPBIX OrpaHM4Ye€Ha M HE 3aBUCHT OT pasmepa rpada. I[lamsrs
HEOrPAaHUYEHHOTO aBTOMAaTa 3aBUCUT OT pa3Mepa rpada W JOCTATOYHO BEIIHKA,
9TOOBI B HEH MOTIJIO pa3MemaThcsi ommcaHue Bcero rpada. Ilamsare momypoGora

TOXE paCTéT BMCECTE C POCTOM pasMmepa rpa(ba, OJHAaKO OIIMCAHHC rpaq)a MOXKET HC
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HOMEIIATECSI B aMsATh OJHOTO aBTOMAara, XOTs OOBIYHO MPEIIONaraeTCsi, 9TO 3TO
ONKCaHKE [IOMEIIACTCSI B CYMMAPHYIO HaMsTh KOJUICKTHBA aBTOMATOB.

B [13] moka3aHo, 4TO ISl HEOPUCHTUPOBAHHBIX YIIOPSIOYCHHBIX KOPHEBBIX rpad)oB
«rpaHUIay MEXKTY HCOTPAaHHYCHHBIM AaBTOMATOM U IIOJIypOOOTOM — 3TO MaMsTh
pasmepom O(mlogn) mnst HymepoBaHHbIX rpadoB u O((m-n+l)logn+n) mms
HEHYMEPOBaHHBIX TpadoB, rae M — yucio pébep, a N — YUCIO BeplIMH Tpada.
Iockoneky (M-n+1)logn+n <mlogn npu N> 3, mis Toro 4yroObl aBTOMAT OBLI
mosypo0OTOM Ha KiJaccax HyYMEpPOBaHHBIX M HEHYMEPOBaHHBIX rpados,
JOCTaTOYHO, 4YTOOBI MaMsATh aproMara umena pasmep O((m-n+l)logn+n). B
gactHoctd, O(nlognm) = o((m-n+l)logn+n) anst  ¢uxcuposanHoro (HO
MPOU3BOJLHOTO) N > 1 1 M—>00, 3aMeTHUM, 4TO MOTypOoOOT Ha Kiacce rpadoB MOKET
OBITh HEOTPAHMYCHHBIM aBTOMAaTOM Ha MOAKIAcce. TpPHBHANBHBIA OpUMEp —
aBroMar ¢ mamaTeio ®(nlognm) Ha moxkiacce AepeBbeB, rae M =N-1 u mo3TOMY
(m-n+1)logn+n = n = o(nlognm).

Jnst opHeHTUPOBaHHBIX I'Pad)OB HY)KHBI TOMONHHUTEIbHBIC HCCICIOBAHHS, YTOOBI
OTPENIEITUTh «IPAHHUILY» MEKIY HEOTPAHHUYCHHBIMH aBTOMATAMH M TIOJTyPOOOTAMH.
Bpewmsi cpabaThiBaHUs aBTOMATa — 3TO BpeMsi, 32 KOTOPOE aBTOMAT MPUHUMAET OJIHO
W HECKOJIBKO COOOIICHHUIl, M3MEHSAET CBOE COCTOSIHHE M TOCHLIACT OJHO HJIM
HECKOJIbKO COO0LICHHH. B aCHHXPOHHBIX CHCTEeMaX OOBIYHO HE YYMTBHIBAIOT BpeMs
cpabaThIBaHUs aBTOMATa, H3MEPSISI CII0)KHOCTh aIrOPUTMa BPEMEHEM HEePEMEICHHUS
cooOmieHnii. BakHO Takke, OTpaHMYCHO WM HET YHCIO COOOIIEHWH, KOTOpbIe
ABTOMAT IPUHAMACT W/HIIM OCHUTACT 3a OJHO CpabaThIBaHHE.

IMoHsATHO, YTO KaK cama BO3MOXKHOCTB PEIICHHS 3aJadd Ha rpade, Tak W OLCHKA
TpeOyeMBIX JUII 3TOTO PECypcoB (BpeMsl, HaMATh M YHCIO COOOIICHHUI) 3aBUCAT OT

THIIa aBTOMAaTOB.
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Hakonen, MeTonp! pemeHus 3a1a4 Ha rpadax, eCTeCTBEHHO, 3aBUCST OT CAMHUX ITHX
3amad. [lpexamomaraeTcs, dWro ymacTcs NPOBECTH KIACCH(PHUKAIMIO 3a7ad B
3aBHCHMOCTH OT TOTO, Kakhe COOOIICHHS MEXAYy aBTOMaTaMH TpeOyroTcs it
pemeHns 3amaud. Jnsg omHMX 3aad OOCTAaTOYHO, 4YTOOBI W3 KOpHS Tpada
coOoOIIeHNe JOIUIO0 10 KaKIOW BEpLIMHBI, @ OTBETHOE COOOIIEHHE BEpHYJIOCH B
KopeHb. [IJist Ipyrux 3a/1a4 MOXKET IOTPeOOBaThCs Mepeiadya COOOUIEHUH OT KaXKI0H
BEPIIMHBI B KaX/IyI0 BEPIIMHY U 00paTHO. MoOryT OBITh U Takue 3a7a4yd, KOTOpbIE
TpeOyIOT MHOTOKPAaTHOW Tepemadn COOOIIeHWH Mexay BepmuHamu Tpada. s
HEKOTOPBIX 33/1a4 HYXHBI JOIMOJNHHUTENbHBIE OTPaHWYCHHS Ha Tpadbl WIH
JIOTIOTHUTEIbHBIE BO3MOYKHOCTH TSI aBTOMATOB M CHCTEMBI 0OMEHa COOOIIEHISIMH.
B aHoHCHpyeMOIl 3THUM BBEIEHHEM CEPUHU CTaTEM Mbl IpPEANOjaraéM HeE TOJIbKO
MPEUIOKUTh aJTOPUTMBI PEIIEHHsI TeX WM MHBIX KOHKPETHBIX 3a7gad Ha rpadax
KOJUIEKTHBOM aBTOMAaTOB, HO W TIPOBECTH KJIACCH(PHUKAIIMIO M CHCTEMaTH3aIHI0
METOJIOB PELICHUs] STHX 33Jady C LeJbl0 BBIPA0OTKH OOLIeH METOJNOJNIOTUH |
6azoBoro Habopa pacnpeeNEHHBIX AITOPUTMOB PEILICHUS TUTIOBBIX NO/3a/1a4.

B naHHOM cratbe MBI OTpaHMYMBAEMCS  CilydyaeM HEOPHUEHTHPOBaHHBIX
JIETEPMUHUPOBAHHBIX CTATHYECKUX TpadoB.

B paznene 2 ¢popmansHO onpeensieTcst BTOpasi MeTaMo/JIeTb KOJJIEKTHBA aBTOMATOB
Ha rpade, u OOCYXIAIOTCSl pa3fiMyHbIe MOJEIM B paMKaxX 3TOH METaMoOJeNd B
3aBUCHMOCTH OT pa3Mepa IaMsTH aBTOMaTa, BPEMEHM cpabaTblBaHHS U EMKOCTH
pEbep. BriObupaercss Moaenb ¢ MaKCHMAIBHBIM MApaJIEIN3MOM JUISl TTOJypOOOTOB,
KOTOpasi MCHOJB3yeTcsl B manbHeimeM. Pasmen 3 mOCBAMEH mpaBMiaM OICHKH
TpeIaraeMbIX Jajiee alrOPUTMOB Kak (YHKIMU OT YHCIIa BEepIIHH u pédep rpada.
B pasgene 4 mpemmoskeHs! 06a30BBIE MPOIEXypsl 00pabOTKH COOOUICHHUH, M TaHa
KIaccu(UKaus HCIOIB3yEeMBIX COOOIICHWH B 3aBHCHMOCTH OT MAapUIpyTOB,

IMPOXOANMBIX COO6H16HI/IHMI/I, H crocoba Pa3MHOKCHUA WU CIUAHUA COOGmeHHﬁ.
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BBoauMble 3/ech KIacChl COOOIICHHH HCMONB3YIOTCS B MpEJIaraeMbIX janee
pacnpesienéHHBIX anropuT™Max. B paszmene 5 omucaHbl aNrOpUTMBI TTOCTPOCHUS
ocroBa rpada. B pazmene 6 mpemiokeH aaroputM YHUBEPCAJIbHOTO «CTOMOPAY,
OTIPEJICIIAIONIETO KOHEIl paboThl JIOOOT0 aNropuTMa IO OTCYTCTBHIO B rpade
COOOIICHUH, HCIIOJIB3YEMbIX 3TUM aJITOPUTMOM, & TAKXKE MPOIEeaypa OYUCTKU Tpada
OT COOOIICHNI YKa3aHHBIX TUIIOB. B pasnene 7 mpecTaBicH ajJropuT™ MOCTPOCHHS
JiepeBa KpaTJyalimx myTei. B pasnmene 8 omucaHbl anropuTMbl HymMepaiun rpaga.
B pasmene 9 mpemmaraercs anroput™ cbopa uHpOpMampd o rpade B MaMATH
HEOrPaHUYEHHOTO aBTOMAaTa KOPHSI, aBTOMAThl OCTAJIbHBIX BEPIIMH — MOJYPOOOTHI.
Paznen 10 mocesmén 3a1avue moncka MaKCHMaIBHOTO ITyTH B HYMEPOBaHHOM Tpade,
otHocseicss k kimaccy NP. B 3akirodeHu# MOJBOASTCS UTOIM M HAMEYAIOTCS

HalpaBJICHUA ,HaJ'II:HeﬁIHPIX I/ICCHGL[OBaHI/Iﬁ.

2. Knaccudpukauust modenel u ebibop modesnu

Kak cka3aHo BO BBEACHWH, B JAaHHOH CTAaThe HCIIONB3YETCS BTOpas METaMOMCIb
ACHMHXPOHHOW paclpeleéHHON CHUCTEMBI: aBTOMAThl «IPUBS3aHBI» K BEpLIMHAM
rpada, a coobieHus noceuiarorces no péopam rpada. CoolrieHre MoHUMAaeTCs Kak
Habop napamempos cOOOLIEHMs, a COCTOSHHE aBTOMaTa — Kak Habop 3HAa4YeHWH
nepemennvix. Jlomyckas BOJBHOCTb pe€4H, MBI OyIeM 4YacTo JUIl KpaTKOCTH
TOBOPHUTH «BEPIIIHA)» BMECTO «aBTOMAT BEPIIUHBI».

I'pad HEOpHEHTHPOBAHHEIHM, CTATUYECKUH, YIIOPSIIOYCHHBIN, TeTCPMIHUPOBAHHBIH,
KOpPHEBOU W CBs3HBIA. O003HAUEHMS: N — YKCIIO BepIIMH rpada, M — gucio pédep
rpada, D — mmmHa MakcuManpHOTO IyTH B Tpade, Dy — amiHa MaKCUMaTbHOTO Ty TH
ot kopus1, d — nuamerp rpada, T.e. MAKCHMAIBHOE PACCTOSHHE MEKITY BEPIIHHAMH,
IJIe PacCTOSIHHE MEXAY BEpUIMHAMU — 3TO JUIMHA KpaTyaWIlero IyTH MEXay
BepIiurHaMu, 0y — IKCLIEHTPUCHUTET KOPHSI, T.€. MAKCUMAJIbHOE PACCTOSHHUE OT KOPHS

J0 BCPUINHBI, A — MakcUMallbHas CTCIICHb BCPLINHBI.
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OueBuano, N<mM+1, dy<d<2dg, Dg<D<2Dg, dg<Dg, d<D<n-1 u A<2m.
Paznuune mexny N, d u D gemoHcTpupyIOT rpad-3Be3aa Sy.1, B koTopom d =D =2
mpu N > 2, u nonueiid rpad K, B koropom d =1 u D = n-1. IIpu d = 0 rpad cocrour
W3 OfHOI BepiiuHbl ¢ meTisMu, modtoMy N=1 u D =0. Ilpu d =1 mobsie aBe
pa3nuYHBIe BEPLIMHBI CBsI3aHbI pedpom, moatomy D =n-1. [dns narwobeix d, D u n,
yaoBieTBopsitoiux yeiopuio 2 < d < D <n-1, cymectByet rpad ¢ mapamerpamu d,

D u n (cm. Puc. 1). B rpade 6e3 kpaTHbIX pébep 1 netens M < n(n-1)/2 u A < n-1.

d BepuH
} n-D-1 Bepuun

D-d+1 Bepruunn

Puc. 1. I'pag ¢ n eepuwunamu, ouamempom d > 1 u orunoii D maxcumanvrozo nymu.
Fig. 1. A graph with n vertices, diameter d > 1, and length D of the maximal path.

Pebpo rpada Oymer moHMMATBCS Kak JTYIJICKCHBIM KaHAJ Mepenadd COOOIICHUM.
IIpu 3TOM coOOOMICHHS, TepeMelaeMbie 0 pedpy B OJHOM HANpAaBICHUH, HE
TEeHEePHPYIOTCS CaMUM peOpoM, HE MCKaKalOTCs, HE NPOIAJaloT W He OOTOHSIOT
apyr npyra. UHeIME cioBamu, peOpy ab COOTBETCTBYIOT [BE OUEpEIH COOOIICHMIA:
MIOCTAHHBIX IO 3TOMY peOpy BEpPIIMHOHN &, HO emé He NPUHATHIX C HETO BEpPIIMHON
b, 1, HA0GOPOT, MOCIAHHBIX BEPIINHOM b, HO €I1Ié He MPHUHATHIX BEPIIUHOM a.

Bynmem wucxomnTe W3 CIHEOyONMX MPEOIONOXKEHHH: 1) Bpems NepeMeneHus
coobmieHnsi o pedOpy orpaHudeHo cBepxy 1 TakToMm, 2) BpeMs cpabaTbIBaHHSA
(aBTOMara) BepIIHMHBI OrpaHUueHO CBepxy 1 Taktom, 3) 3a OJHO cpabaThiBaHHE
BEpILIMHA MPUHUMACT HE 00JIee OJHOrO COOOINCHHS M MOCHUIaeT He 0oJiee OJHOTO

coobmienus. TpeThe mpeanonoKeHne HyKaaercs B mosicieHur. CoOOIIEHUE MOXKET
10
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OBITh TPHHATO, €CJIU OHO «IOILIO» MO pedpy 10 BEPIUUHBI, T.€. UCTEKIO BpeMs
TIEPEMEIIEHUsT ATOr0 cooOmeHuss 1mo pedpy. OmHAKO, MOCKOJIBKY COOOIICHHSI,
nepemeniaeMeic 0 pebpy W3 BEpHIMHBI @ B BEpHIMHY D, o0pasyioT odepenp,
BepIIMHA D MOXET MPUHSATH TONBKO COOOIICHUE W3 TOJOBBI 3TOW ouepemu. Ecim
€CTh HECKOJBKO pEOep, M0 KOTOPHIM BEpPIIMHA MOXET MPUHATH COOOIICHUS, TO
BBIOMpaeTcsi OJHO W3 HHUX HEJICTCPMUHUPOBAHHBIM 00pa3oM. Bwmecte ¢
NPUHUMAEMBbIM COOOIIEHUEM BEpIIMHA IMOJy4aeT HOMep pedpa, Mo KOTOPOMY 3TO
coobmienre npuHUMaeTcsa. Ecim HeT cooOIeHHi, KOTOphble BEpIIMHA MOTJa OBl
NPUHATh, OHA TOJyYaeT (UKTUBHOE IMYCTOE COOOINCHHE € C HYJICBHIM HOMEPOM
pedpa (p€Opa B BepiinHe HyMepyroTcs, HaurnHas ¢ 1). Ecimu BepuinHa He mochuiaeT

COOGHIGHI/IC, TO YKa3bIBACTCs IIYCTOC COOOIIIeHNE € ¢ HYJCBBIM HOMEPOM pera.

[IpenmonaraeTcsi, YTO BEPIUMHA «3HACT» (MM MOXKET «y3HATb») CBOK CTCICHb,
KOTOpasi B JajbHEHIIIEM XpaHUTCA B IIEPEMEHHON BepiiMHbl. B HEKOTOpBIX
anropuT™Max rpad MpexanojaraeTcs HyMepoB8aHHbIM: €TO BEpIINHAM IPUIHCAHBI
VHHUKaIbHBIE HIOCHTU(HUKATOPH, B dacTHocTH uucia oT 0 mo n-1. Ecim rpad
HyMEpOBaHHBIH, TO MPEIIONaraeTcs, 9T0 BEPIINHA «3HACT» (WM MOXET «y3HATBH))
cBoit Homep. Ecnu rpad) HeHyMepOoBaHHBIH, €ro MOXKHO IPOHYMEPOBATh, UCTIOJIB3YS
ITOPUTM HyMepainuu u3 pazzena 8. B mobom ciyuae Oynem mpennonaraTh, 4To
JUIS. HYMEPOBAaHHOTO rpada HOMep BEPIIMHBI XPAHUTCS B IIEPEMEHHOW BEPIIIMHEL.

Emkocmpio pepa GyjneM Ha3piBaTh MaKCHMAJbHOE YMCIO COOOIIEHHH, KOTOpbIE
MOT'YT OJIHOBPEMEHHO HaXOJHUThCS Ha pedpe (IOoCHIaHbl, HO HE MPUHSTHI) B OJHOM
HanpasneHun. Ecnu pebpo ab umeeT orpannyeHHy0 €MKOCTh K M B HampaBieHHH
OT BEpINHHEI a K Bepruae b mo Hemy mepemeraercs K coobmienwuii, To BepumHa a
He MOKET MOCBUIaTh coobineHne mo pebpy ab mo Tex mop, moka BepmuHa b He
npuMeT ¢ pebpa xota Obl omHO cooOmeHue. /s Toro 4TOOBI BEpIIMHA CMOTIIA

«y3HaTh», MOXKHO WMJIM HEJb35 MOCBIIATh IO pedpy coolIneHne, Ipu OrpaHUIeHHON
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EMKOCTH pebpa HYXKEH CUTHAIl «0c8000dcoeHue pebpa» ¢ ¢ mapameTrpoM «HOMEp
pebpa». Ecmu éMkocTh pebpa HeorpaHudyeHHas, cooOlieHne mo pedpy Bceraa
MO’KHO MOCBUIaTh, U TAKOTO CHTHAa He TpedyeTcs.

MbI MCXOAMM M3 TOTO, YTO BEpIIMHA, MPUHHUMAs COOOIICHHE, pa3MelIaeT ero B
CBOCH MaMsATH, a Ui MOCBUIKK COOOILICHHS BepUIMHA CHayana (OpMHUPYET ero B
cBoell mamsATH. Tem cambIM, HY)KHO YYHTHIBaTh HE TOJBKO CYMMapHbBIA pa3Mep
NEePEMEHHBIX BEpIINHBI, KOTOPBIA MbI OyIeM Ha3bIBATH PA3MEPOM ABMOMAMA
BEPILHHBI, HO U €r0 CyMMY ¢ MaKCHMAJIbHBIM Pa3MepOM COOOIIEHHUS, KOTOPYIO MBI
OyZeM Ha3BIBATh NOIHbIM PASMEPOM A8MOMAMA.

Kak ykazaHo BO BBEJCHHH, B 3aBHCHMOCTH OT HX IIOJIHOTO pa3Mepa aBTOMATHI
JeATCS Ha HEOrpaHMYCHHbIE aBTOMATHL, POOOTHI M IMOIYpoOOTHL. Paccmorpum
pasiMYHbIe MOJETIHM B PaMKaX ITaHHOW MeTaMOJeIH B 3aBHCUMOCTH OT IIOJIHOTO
pa3mepa aBTomara, BpeMeHH cpabaThIBaHUs B EMKOCTH pebpa (cM. Tab. 1).

Ecnn Bpems cpabaTbIBaHus OOJIbIIE HYJIS, TO 3TO MOXKET IPUBOJUTH K TOMY, YTO Ha
peOpax, WMHIMACHTHBIX BEpIINHE, CKAIUIMBAIOTCS COOOIICHUS, KOTOPBIE YK
3aBepILIUIH MepeMeleHre 0 ATUM pEOpaM, HO BEPIIMHA HE YCIIEBACT MX MPUHSATb.
[TosTOMy HYXHO YYHTHIBaTh TaKuWe 3aJCpPKKH, W OILCHKA BpEMEHH pPabOThI
CTAHOBHTCS JIOCTATOYHO CIIOKHOM.

Ecnu émkocTth pedpa orpanuueHa 4uciom K, To 3T0 MOKET MPUBOAUTE K TOMY, YTO
BepILIHA, MHIMACHTHAS PeOpy, HE MOXKET MOCHUIATh COOOIICHHUS MO HEMY, eCiH
pebpo MOJIHOCTHIO 3aHATO (HA HEM yiKe HaxoauTcsi K cooOleHuit), moka pedpo He
ocBobonutcs. [1oaToMy NIpH OLCHKE BpEeMEHHM PabOThl HY)XHO YYHTHIBATh TaKHE
3aI€PXKKH B NIEPECHUIKE COOOLICHHMIH, U OLEHKA CTAHOBUTCS JIOCTATOYHO CIIOKHOM (B
KayecTBe IpUMepa, MOYKHO IIOCMOTPETh OLICHKY BpeMeHH paboTsl anropurMa B [8]).

Ta6u. 1. Knaccudukauus moneneit. Tab. 1. Classification of models.

| Monens | ITonHbI# pa3smep aBTOMAaTa | Bpewmst cpabateiBanmst | EmxocTs pebpa |
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1 HEOrPaHUYCHHBIN aBTOMAT >0 HE OrpaHrYeHa
2 HEOrPaHWYCHHBIN aBTOMAT = OrpaHnyeHa
3 HEOrPaHUYCHHBIN aBTOMAT >0 OrpaHuyeHa
4 HEOrPaHUYCHHBIN aBTOMAT = HE OrpaHrYeHa
5 poboT >0 HE OrpaHWYCHA
6 pobot = OrpaHHYCHA
I pobot >0 OrpaHuvYeHa
8 pobot = HE OrpaHHYeHa
9 noypodoT >0 HE OrpaHHYeHa
10 OJIypoOOT = OrpaHuvYeHa
11 noypodoT >0 OrpaHHYCHA
12 oJIypo6oT = HE OrpaHn4eHa

dopmanbHO, aBTOMAT B BepurHe — 310 Habop (Mes,S,Tr,Sy), rne Mes — MmHOkecTBO
BCEX HEMYCTBIX COOOIICHHUI, KOTOPbIC aBTOMAT MOYKET PUHUMATh UITH MOCHLIATh, S
— MHOECTBO COCTOSIHHHM, TI — MHOXKECTBO MEPEXOI0B, So — HAYAJIBHOE COCTOSHHE.
Iepexon wumeer Bux S—(i,X),(,y)—>s, s—i,x),(0,e)—>s’, s—i,0),(,y)>s,
s—(1,9),(0,8)—>s", s—0,£),(j,y)—>s ", mmu s—(0,£),(0,8)—>S", rue S€S — cocTosHUE, B
KOTOPOM BBIMIONHSETCS IEPEeXol, €& — IycToe cooOlieHHe, ¢ — CHrHanl
«0cBOOOXKIEeHHE pebpay, | — HoOMep pedpa, 0 KOTOPOMY MPUHUMACTCS HEMyCToe
cOOO0IIEHNE WM CUrHAI ¢, XeMes — nmpuHUMaemMoe cooOIIeHne, | — HoMep pebpa,
MO0 KOTOPOMY TMOCBUIaeTCs Hemycroe coobuieHne, YeMeS — mockuiaemMoe
cooOleHue, S €S — COCTOsIHKE, B KOTOPOE aBTOMAT HIEPEXO/INT.

Ecnu monHblid pasMep aBTOMaTa OrpaHHYeH (poOOT WM MONypoOOT) U EMKOCTB
pebpa ToxKe orpaHWYCHHAsl, TO BO3MOXHBI COCTOSIHHS, TA€ BEPIIMHA HE MPUHUMAET
COOOMIECHHH, TOCKOJIBKY HE MOXKET TI0CIIaTh COOOMICHHS. BepirHa 0XuIaeT TOIBKO
CHWTHAIIOB OCBOOOXKICHUS pEGEp, T.. B TAKUX COCTOSHHUSIX OTPEACICHBI TOIBKO
nepexonasl Buma S—i,9),(i,y)—>s wmu s—(i,0),(0,£)—>S . B OCTaNBHBIX COCTOSHUSX

BEpIIMHA V IPUHHUMAET JI1000€e COOO0IIeHue, T.€. €€ aBTOMAT «BCIOAY OIpPEEIEH I10
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npréMy COOOIICHUI). B KaXKIOM TaKOM COCTOSHHH OTIPEIEIICHBI MIEPEX0AbI TI0 BCEM

Bo3MoxHbIM Tiapam (i,X), (i,9), (0,€), rme i=1..A,, XeMes u A, — cTeneHs BEPIIUHEI V.

2.1. HeorpaHn4yeHHbIN aBTOMAT

Ciyuait HeorpaHHYEHHOro aBToMara (Mojenu 1-4) He OYeHb MHTEPECEH: PELIEHHUE
nmr000# 3aauM MOXKHO CBECTH K cieAyronied npouenype. CHavana uHpopMaIus o
rpade cobupaercs B KopHe rpada, a 3aTeM aBTOMAT KOpHS pelraer 3amady. B

paszene 9 MbI ONHUIIEM aNTOPUTM BBIIOJIHEHHS IPOLETyphl cOOpa HH(POPMAIHH.

2.2. Pobort

B nwureparype wumeercss psp  pabor 1o ob6xomy rpada poborom. s
HEOPUEHTHUPOBAHHOTO rpad)a U3BECTEH anroput™M Tappu, OCHOBAHHBIN Ha 00X0€E B
rnyouny (DFS), ¢ omeHko# BpeMenu paboTsl 2M, W aqrOpPUTM, OCHOBAHHBIM Ha
o6xome B mmpuny (BFS), ¢ ouenxoir m+0O(n?) ([14]). s OpHEHTHPOBAHHOTO
rpada Hammydmas HONyYeHHAs oueHka pasHa O(nm+n®loglogn) wm, Beipaskas
yepe3 Dy, O(Dym+Dgnloglogn) ([14],[15]). IIpu moBTopHOM 06X0x€ Tpada, Korga
AaBTOMAThl MOTYT HCIOJNB30BaTh  PE3yJbTaThl HEPBOro  00X0[aa,  OIIEHKA
O(nm+n?log*n) mmu O(Dem+Denlog*n), rae log* — urepupoBanHbIil MOrapudM
(uucno sorapuMUPOBAHUIA, TIOCIIE KOTOPBIX pe3yabTaT MeHbIe win pasen 1) [16].
Ecnu umerorcst aBa poboTa, MEpeABHralONIMXCs M0 rpady U OOMEHUBAIOIIUXCS
MEXIy CO0OH COOOWmEHHAMH 110 JONOJHHUTENBHOW CEeTH CB3M  (TepBas
METaMo/Iefb), TO BpeMsi 00XO0Aa yMEHbIIAETCS [0 MHUHHMAJIbHOTO IO MOPSAKY
O(nm) wiw, Beipakas yepes Do, O(Dom) ([14]).

HccnenoBanue rtpadoB  pobOOTaMH HMMEET TENBIH  psag  crenuGUIecKux
0COOEHHOCTEH, BBI3BIBAEMBIX OrPAHWYCHHOH TMaMAThI0 poboTa. B HacTosmiei

CTaTb€ MBI HE HCCJIIEAYEM PEIICHUE 3a/1a9 KOJUIEKTUBOM pO6OTOB.
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2.3. Monypo6oT

Kak u B 001meM ciyuae, 1js OypoOOTOB HEHYJIEBOE BPeMsl cpa0aThIBAHMS H/UIIH
OrpaHuyYeHHass EMKOCTh pebpa NPUBOIAT K 3aJIE€PXKKaM B NEPECHUIKE COOOLIECHUI,
YTO YCJIOKHSET OLUEHKY BpEMEHU paboThl anroputMoB. Ho B ciydae mosnypo0GoTOB
(kax ¥ poGOTOB) OrpaHMYEHHas EMKOCTh PEOpPa MOKET TAKKE MPUBOIAUTL K MYNUKY
(deadlock). Teno B ToM, uTo, €ciii peOPO IOJHOCTHIO 3aIIOHEHO, W BEPIIMHA HE
MOYET M0 HEMY I0CJaTh COOOLIEHHE, TO, MOCKOJLKY MOJHBIM pa3sMep aBToMara
OrpaHWyeH (XOTs M 3aBHCHUT OT pa3Mepa rpada it moaypoboTa), MOKET OKa3aThes,
YTO BEpINMHA MPUOCTAHOBHT MNpuéM coolOmienuii. Ha 1ukiae B rpade MOXKeT
BO3HHMKHYTH TYIIHK, KOTJIa KaXk/1as BEPIIMHA [MKJIA «X04eT» MOC/IATh COOOIIEHHE 1O
«BBIXOAALIEMY» peOpy LHMKIa, HO HE MOXET 3TOr0 CHejaTh, W IIOITOMY HE
[PUHUMAET COOOILIEHHE M0 «BXOAALIEMY» PeOpY LMKIA. AITOPUTMbI PEIIEHHS
3aj1a4 Ha rpade T0JDKHBI YUUTBHIBATH BO3MOKHOCTb TYIMKA M HE JIOIYCKAaTh TYIHKA,

YTO, KOHCYHO, HAJIaracTt JOIIOJHHUTCIbHBIC Tpe60BaHI/IH K IIOCTPOCHUIO aJITOPUTMOB.

2.4. Bblbop mogenu

Jnst cepum cratel, OTKpHIBAEMOU MaHHOW cTaThEW, MBI BBHIOWpaeM Mojaenb 12:
EéMKOCTh pebpa HEOrpaHHYCHHAS, aBTOMAT — IMONYpOoOOT C HYJICBBIM BpEeMEHEM
cpabatbiBaHus. BpeMs nepemenieHns cooOmeHUs o pedpy orpaHuyYeHo cBepxy 1
TakToM. Takas Mojenb JaéT BO3MOXHOCTh MaKCHMAJILHOTO paclapaluleIHBaHus,
MMOCKOJIBKY HE BO3HUKACT 3a/ICPIKEK U TYIHKOB M3-3a OTPaHUYCHHON EMKOCTH pedpa
WIM HEHYJIEBOTO BpEMEHHU cpadaThBaHHUA. TeM cambIM, OyIeT YIHTHIBATHCS TOIBKO
BpeMsl TiepeMenieHusl cooomenuii mo péopam. OIEHKH CII0)KHOCTH aJTOPUTMOB
pemieHus 3aJad B TaKOW MOJEIH SBIAIOTCS HIDKHUMHU TPAHUIIAMH CIOKHOCTH
AQHAJIOTUYHBIX AITOPHUTMOB B APYTHX MOJEISAX C OTpaHHYCHHBIMH aBTOMAaTaMH
(momenu 5-11). Anmroput™m B Mmojmenu 12 nubo Oymer paboTath MejieHHEE B

Mozensax 5-11, mmbo He Oynmer paboraTh W3-3a TYNUKOB WM pazMepa NamsTd B
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Mozaensix 5-8 mius pob6ortoB. OmHako 000 anropuTM B Momeisax 5-11 Oyner
paboTaTh 1 He OoJbIee BpeMs B Mojenu 12.

OTmeTnM, 9TO TIPHU HYJIEBOM BPEMEHH CpadaThIBaHWS HE UMEET CMBICIIA TPUHUMATD
WM TTOCBUTATh OOJIBIIE OJJHOTO COOOIIEHHS 32 OJHO cpabaThIBaHHE, ITOCKOIBKY 3TO
HE YMEHBIIAeT BPEMEHH pa0OTHI, HO MPHBOANT K YBEIWYECHHUIO ITOJIHOTO pa3Mepa
aBTOMArTa 3a CU€T XpaHEHHUs B €r0 NMaMsITH Cpa3y HECKOJIBKHUX COOOIIECHHH.

Hama mopens oTiau4aeTcss OT XOpPOILIO HW3BECTHOM MOJENU pacnpeeaEHHbIX
Berunciaennii LOCAL [17] acHHXpOHHOCTRIO M HanM4uMeM KOpHsA. B mogenn
LOCAL Bce aBTOMaThl B BepIIMHAX pabOTAlOT CHHXPOHHO M HAaYMHAIOT paboOTaTh
OJTHOBPEMEHHO, II03TOMY CJIOXHOCTh alTOPUTMa B 3TOH MOJEIM — 3TO YHCIIO
cpabatbiBanuii. B Hamiedi Mopmenu paboTa HAYMHACTCS C KOPHS, JAPYras BEpIIHHA
BKITIOYAeTCs B pabOTy MpH IOIyYEeHUH €0 mepBoro coodmenus. Kpome toro, mpu
OIICHKE CJIOKHOCTH aJITOpPUTMa MBI CYUTaeM KOHIIOM pabOoTHI alropuTMa HE MOMEHT
BPEMEHH, KOTJa 3ajJada pelieHa, a MOMEHT BpPEMEHH, Koraa o0 3TOM «y3Ha»
KOpPEHB M COOOIIIII BOBHE. ACHHXPOHHOCTh MOJIEIUPYETCS HE pa3HBIMU BpeMEHAMH
cpabaThlBaHWHI aBTOMATOB, a pa3HbIMA K, BOOOIIC TOBOPS, IEPEMCHHBIMU
BpEMEHaMH MepeMeNICHUs COOOLIeHUH 1o pE€OpaM, XOTs U OrpaHUYEHHBIMU CBEPXY
1 TakToM. DTO NPUBOAUT K TOMY, 4YTO IO pPeOpy MOXET HepenaBaThCsi HE OIHO
coo0IeHre, a MOCIe0BaTeIbHOCTh COOOIEHNH, MOCIAHHBIX C OJHOTO KOHIA
pebpa u emé He MPUHSATHIX APYTUM KOHIIOM.

Jnst Hamie MOJENH, OYeBHIHO, MONYYaeTCss HIDKHsSA oleHKa 20+l cioxHOCTH
JO00r0 aJTrOpuTMa, HE WMEIOIIETO MPEABAPUTENBbHBIX 3HaHUK 0 rpade (BepmuHa
3HAaeT TOJNBKO CBOIO CTENCHb W, JJS HyMEpOBaHHOTO rpada, cCBOH HOMep) H
pernraroIero rIodanpHyo 3a1ady Ha rpade. 3amada rimodanbHa, €Clii OHA HE MOXKET
OBITH pereHa Oe3 HuccienoBaHMS Kaxaoro pedpa rpada. Takoe wucciemoBaHue

TpebyeT, 0O4eBHIHO, BpeMeHH o+l B HauXymIeM ciydae, Koraa no Kaxaomy peopy
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coobmienne aBuraercs poBHO 1 TakT. J[imst TOro 49toObl COOOIINUTH KOPHIO O
3aBepIIeHHH PaOOThI, TpebyeTCs elmé He MeHee (g TAKTOB B HAUXY/IIIEM CIIyYae.

Crenyer, OflHaKO, YYWTHIBaTh, YTO HEOrPaHUUYCHHAs EMKOCTh pedpa W HyJIEeBOE
BpeMsl cpabOaThIBaHUSI B HCKOTOPBIX QJITOPHUTMAX MOXET MPHBOAWUTH K
HEOrPaHUYEHHOMY POCTY YHMCIa COOOLICHHI, OJHOBPEMEHHO LUPKYJIUPYIOUIMX B
rpade u, 6ojee TOro, OJJHOBPEMEHHO MEPEMEIIAIOIINXCS [0 OTHOMY pedpy. MHbiMu
CJIOBaMHM, pEIllCHHE 3aJa4d Ha Tpade MOKET HCIOJIH30BaTh HEOTPAHUYCHHBIC
pecypchl maMsaTh 3a cu€T cooluieHuil. B 3ToM cMbIciie Halia Mojeib cONMMKaeTcs ¢
HEJICTCPMUHUPOBAHHOW  MamuHOW  ThIOpWHra,  KOTOpas  HEOTPAHUYCHHO
(9KCMOHEHIMAJIBHO) KOMHUPYETCs [0 JepeBy BbIUUCICHHUIl. [loaToOMy OLEHKH
CJIOKHOCTH TIPEUIaraeMbIX HaMH AJTOPUTMOB PELICHHUsS] HEKOTOPBIX 3a/lad4 MOTYT
0Ka3aThCs TOJIMHOMHANBHBIMH, XOTSI 3TH 3aJa4u OTHocsTcs K kimaccy NP.
[IpumMepoM MOXKET CHYXUTh 3ajada O IMOHWCKE MAaKCHMMAJbHOrO MyTH B rpade

(Longest Path Problem [18]), koTopoii mocesitien pa3aen 10 nanHo#M craThu.

3. OueHka anzopummos

O0603HaueHus B OIIEHKAaX arOPUTMOB: M — MaKCHMAaITLHBIN pazMep cooOmeHws, A —
pasmep aBToMara (cymMMa pa3MepoB IepeMeHHbIX), F = M+A — momnnblid pasmep
aBTOMara, 1 — Bpems paboTsl anropurMa, N — MakCUMaJbHOE YUCIO COOOIICHHUH,
OJTHOBPEMEHHO IIepeiaBaeMbIX 110 OJHOMY peOpy B OJHOM HampasieHud, U E —
MaKCUMAaJILHBIA CYMMAapHBIH pasMep Takux coodmennid. OueBuaHo, E < NM.

st oneHKH pa3Mepa MaMsiTd OT JABYX HEePeMEHHBIX N U M OyaeM CuuTaTh, 4TO N
moboe, Ho GUKCUPOBAHHOE, JOCTATOYHO OOJBIIOE YHCII0, a M—>oo. Byaem mucath:
f(n,m) = 0px(g(nN,M)), ecim Ang Vn=>ny VC >0 dmy VYm > m, f(n,m) < Cg(n,m),

YTO B HAIIEM CITy4yae SKBUBAIECHTHO dNg VN > N limy_,.,(f(n,m)/g(n,m)) = 0.
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Tem He MeHee, TaM, TJie 3TO BO3MOXKHO, Oy/leM MPUMEHSTh OLEHKH MaMsITh, KOTa
HE3aBUCHMO N—>00 U M—>c0 NP YCIOBUH CBsI3HOCTH Tpadha M > n-1. Bynem nucars:
f(n,m) = 0nm_w(g(N,M)), ectr VC >0 Ing ¥n > ng ¥Vm = n-1 f(n,m) < Cg(n,m).
Cornmacuo [13], ecimum F = 0p.(Mlogn), To aBTOMar moiaypoGOT Ha Kiacce
HYMepoBaHHBIX rpadoB, a ecnu F = Oy, (N+(m-n+1)logn), To aBromar momypo6ot
Ha KJlacce HeHyMepoBaHHBIX TpadoB. Kiacc HeHyMepoBaHHBIX TIpa)OoB MOMKHO
paccMarpuBaTh Kak IMOJAKIACC Kiacca HyMEpOBaHHBIX TpadoB, a moiaypoboT Ha
MOJKJIAacce sBISICTCS MONypoOOTOM Ha Kiacce. [lamee s KpaTKoCTH Oyaem
0003HAYATb: Opm 5w = Onmx(N+(M-n+1)l0gn), 0m . = Om_sw(N+(mM-n+1)logn).
Koneuro, Ha nojknacce rpagos, riae m = O(N), B 4aCTHOCTH, IS JepEBbEB M = N-1,
yke He BepHO, uro O(nlognm) = 0., MOCKOJIBKY M HE MOXKET OECKOHEUHO pacTh
(s mepeBbeB M He MeHsieTcst) nmpu (ukcupoBaHHOM N. Ha Takux mojxiaccax
MOTYT CYyIIECTBOBATh AJITOPUTMBI C MEHbIIEH MaMsaThio aBToMaToB. OJHAKO HAC
HHTEPECYIOT arOPUTMBI, PabOTaIOIIHE Ha Kacce BceX rpadoB, U OHU MOTYT UMETh
«IHIIHIOK)» MaMSTh HA MMOJKITACCAX.

JIJiss KOPPEKTHOTO HMCIOJIb30BAaHKS HEKOTOPBIX HAIKX OICHOK JOCTATOYHO, YTOOBI
Ha paccMaTpuBaeMoM Kiiacce TpadoB ducio pedep M MOIJIO pacTH ObICTpee, YeM
YKUCIIO BEPINUH N, T.e. HA HEKOTOPOW mocienoBaTenbHOCTH TpadoB M/N—>oo.
O6o3nauass  h(n)=m/n, mmeem m=nh(n). Ecmu lim,,,h(n)=c Breuér
limp_.(f(n,m)/g(n,m)) = 0, To 6Gynem mucarh f(N,M) = Opn_(g(N,M)). Ipumep: eciu
m=nlogn, T0 mM= om,n_,w(nz). 0003HAYUM  Opyn_yeo = Ominosoe(N+(M-n+1)logn).
ABTOMAaTbl € TaAMATBIO  Oppnse  SBISIOTCS  TOMypoOOTAaMHM  Ha  KJlacce
HEHYMEpOBaHHBIX TPadoB.

Ha moxaxmacce rpadoB 0e3 kpaTHBIX p&Oep W METeNb ¢ N BEpIIMHAMHU OICHKH

3aBHCAT TOJNBKO OT N, a M OrpaHMYEHO CBepXy o mopsiaky n°. Cormacuo [13] Ha
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3TOM MOZKIacce aBTomar momypoGor, ecim F =o(n’logn). Jlnst kpatkoctn
0603HaINM Oy, ., = 0(n’logn). Ecu F mMeer 5Ty oneHky Ha noakiacce rpados 6e3
KpaTHBIX p&Oep U MeTesb, OyAeM yKa3blBaTh €€ B KBaPATHBIX CKOOKAX [On ).
I[OKa)KeM CJICAYIOIINE OCHOBHBIC OTHOILICHUS:

1) logm = 0nme,  2) NlOGNM = Oy 0o U nzlogm = Omseoy

3) M= Omnses  4) NlOGN = 0y e 1 N? = Op s
1) Iycts C > 0. Toraa anst h > 1/C+3 umeem n > e, uto aust K > 0 Bieuér n“> el =
= (e*)YC 1, mockonbky € > 1+x, umeem n* > (€°)VC > (1+xC)YC > (1+k/(n-3))"¢ >
> (1+k/(n-1))Y¢ = ((n-1+k)/(n-1))¥C. Otcroma klogn > (1/C)log(n-1+k)-(1/C)log(n-1),
gyro Biaeu€T n+klogn-(1/C)log(n-1+k) > n-(1/C)log(n-1). IlockonbKy B CBSI3HOM
rpage m-n+1 > 0, BeiGepem k = m-n+1. ITosromy n+(m-n+1)logn-(1/C)logm >
> n-(1/C)log(n-1). Tockoabky limy_,..(n/((1/C)log(n-1))) = oo, Haiinétcs Takoe
Ng > 1/C+3, uro mis kaxmoro N > ng Oymer N-(1/C)log(n-1) > 0. Tem cambiM, st
n > ng 6yaer n+(m-n+1)logn-(1/C)logm > 0, uro Breuét logm < C(n+(m-n+1)logn).
Tem cambim, 10gM = 0 ;s
2) nlognm = 0, m0Ka3ano B [13]. IIpu ar060M, HO GUKCHPOBAHHOM N > 2, HMEEM
liMm_.((n?logm)/(n+(m-n+1)logn)) = 0. Cnemosarensro, N2logm = 0p_..
3) Hycte m=nh(n) u lim,.h(n) =c. Torma lim,_.(m/(n+(m-n+1)logn)) =
= lim,_,.(m/(n+mlogn-nlogn+logn)) = lim,_,..(h(n)/(1+h(n)logn-logn+(logn)/n)) =
= lim,_,,(h(n)/(1+h(n)logn-logn+0)) = lim,_,(h(n)/(1+h(n)logn-logn)) =
= limy_((2/1ogn)/(1/(h(n)logn)+1-1/h(n))) = 0/(0+1-0) = 0. TToaTOMY M = Omyn_se0-
4) lim,_,..((nlogn)/(n®logn)) = lim,_,,,(1/n) = 0. [osTomy nlogn = 0,

lim,,..((n®)/(n’logn)) = lim,,_,..(1/logn) = 0. Ilostomy N* = 0,,.,.
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B nanbHelieM Opu OLEHKAaX Mbl OyIEM TakKe y4uThiBaTh, 4to Oo <d < D <n-1,
do < Do <D, A<2m, a st rpada 6e3 kpaTHbIX pEdep u meTesnp A < n-1.

Korga anroput™m 4 HCHOJB3YyeT pe3yibTar paboThl JPYroro airoputMa @, TO
uHOT/a MaéTcs OICHKA TOJNBKO anroputma A4 6e3 yuéra pecypcoB, UCHOIB3YEMBIX
anroputMoM B. Eciim HykHa cymmapHas ormeHka, To BenmuuHsl M, A, F, T u E

CYMMUPYIOTCH, a 11 BeTnIHHBI N OepETcst MaKCUMyM.

4. Knaccudpukayusi coobuwieHul

B mpemiaraeMpix anropuTmax OyayT HCIIONB30BaThCS HEKOTOpbIE 0a30BbIe
npoueaypsl  00paboTkM  cooOmmeHnidi B BepmmHaX. Kaxmoid — mporemype
COOTBETCTBYET KJIACC COOOIIEHHSI, I/Ie IO/ KJIACCOM COOOIICHUSI MOHUMAETCS He
(yHKIIMOHAJIBHOE MpeHa3HaueHne cooOIIeHH s, a COCco0 ero nepeaadu 1o rpady:
MapIpyT, KOTOPBIH IPOXOJUT COOOILIEHHE, M CIOCO0 «PasMHOKEHUS» WIIH
«cnusHUA» coobmennit. Te mapaMeTpsl cOOOIIEHHS M TIEPEMEHHBIC BEpIIMHBI,
KOTOpBIE CYIIECTBEHHBI Ui OOpaOOTKM COOOIIEHWH MaHHOTO Kiacca, Oynem
Ha3bIBaTh, COOTBETCTBEHHO, 0a30BBIMHU IapaMeTpaMu U 0a30BBIMH MEPEMEHHBIMH.
Bpemenem paGotsl anroputMa 0a30BOH Tpomedypbl OymeT CYHTATBCS BpeEMs
pacnpocTpaHeHust COOOIIEHH S OT €ro CO3/IaHHs 10 YHUUTOKEHHSL.

Jlnst mro6oro kimacca 6a30BBIM MAapaMeTpPoOM SIBIIsieTCS THIT cooOmeHus. CoolmeHune
JIAHHOTO THIIA, TOMajas B BEPILIMHY, jaanee aub0 1) yHHYTOXNKAETCS, TMOCIE Yero,
BO3MOXXHO, M3 BEPIUIMHBI IOCHUIAETCS OJHO WJIM HECKOJIBKO COOOIIEHHH yxKe
Jpyroro tuma, Ju00 2) MNEepechulaeTCsi BEPIIMHOW Jaiblie 10 OJHOMY WU
HECKOJIbKUM pedpam, ObITh MOXKET, ¢ MOAN(HKALIUEH COAEPKUMOr0 COOOIIEHH S, HO
He ero tuma. Ecnu mpuHMMaercs OAHO CoOOOIIEHHE, a TOTOM IOCBHLIAIOTCS
COOOImICHNSI TOTO JK€ THIIA IO HECKONBKHM pebpam, TO 3TO OyaeM Ha3bIBaTh

pasmHodcenuem coobmieHns. Ecmi mpuHIMaeTcss HECKOJIBKO COOOIICHUH OTHOTO
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THTIA, OBITH MOJKET 32 HECKOJBKO cpadaThIBaHUH, & TIOTOM IMOCHIIAETCS COOOIIEHUE
TOTO K€ THTIA ITI0 OJTHOMY peOpy, TO 3TO OyAeM Ha3bIBaTh CauUsHUEeM COOOICHHA.
CooOlieHe JaHHOTO THMA OJHO3HAYHO ONPECISIeTCs] MapIIPyTOM, KOTOPBIH OHO
MPOLILIO: /sl JIF0OOr0 MaplipyTa OJHOBPEMEHHO CYIIECTBYET He Oosiee OJHOro
COOOILEHNsI ITOTO THUIA, KOTOPOE MPOILIO 3TOT MapuipyT. IIpu pa3sMHOXKeHHH
MOJTy4YaroTCs COOOIICHUST OHOTO THUIA, MAPIIPYTHl KOTOPHIX MMEIOT OJUHAKOBBIN
npedukc, 3aKaHYMBAIOIIMICS B BEpIIMHE, TIC MPOHM30LUIO pa3MHOXKeHHE. [Ipu
CJIUSTHUM HECKOJBKUX COOOINEHUI OJHOrO THUIMA MAapIIPyT KaXIOrO COOOIICHUS,
KpOME OJTHOTO, 3aKaHYUBACTCS B BEPIIIHMHE, I/I¢ POU3OIILIO CIUSHUE.

Takum 00pa3oM, KIacC COOOIICHHS OMPEICNACTCS CIIOCOOOM Pa3sMHOXKCHUS WIIH
CIUSHUS COOOIICHWA W MapmpyToM, KOTOpPOE COOOIIEHHE MPOXOTUT O
YHUYTOXCHUS;, TakoW MapumpyT OyaeM Ha3blBaTh MapIIpyTOM Kjiacca. Mel
OTIpeNIeNIiM JIeBATH 0Aa30BBIX KJIACCOB COOOIICHHH, MILTIOCTPUPYEMBIX Prc. 2.
dopMallbHO  Mapupymom  Ha3bIBACTCS YEPEAYIOUIAsCs IOCIeJ0BATEIbHOCTD
BepUIMH M pebep, HAYMHAMOWIASICS W 3aKAHYMBAIOIIASCS BEPIIMHOW, B KOTOPOM
Kaxaoe i-oe peOpo HHIUICHTHO MpEABIAyIIeH -0 W mochemyromeit i+1-oi
BepmuHaM. Homep i-oif BepummHbl MapmipyTta 6yzaeM 0003Ha9aTh Vi, HOMep i-0To
pebpa B i-0ii BepiinHe OyAeM Ha3bIBaTh NPsAMbIM HOMepom W 0003Hayath fi, a ero

HOMep B i+1-0ii Bepiune Oy1eM Ha3bIBATH 0OPAMHbIM HOMEPOM U 0003HAYATH I,
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2 1 \
1 3 N a b
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*
I'pad 1. OnunouHas mepemaya 2. Bonpoc / OtBer
(xopeHb 0603HaueH *) a) Bonpoc, b) Omsem.
L]
1< ; a é : b & . a < : b @
3. Paccbiikamo 4. Paccbuika 1o 0TMEYeHHBIM 5. PacchlIka MPOTHB 0TMEYEHHBIX
3alI0MHEHHOMY (6es1bIM) pédpam: (DeuibIx) pédep:
MapLipyTy. a) 110 PSIMOMY OCTOBY, a) IIPOTHB HPSIMOTO ITyTH,
f-Bexrop <2,2,1>.  b) mo obpaTtHOMY myTH. b) nporus o6paTHOrO OCTOBA.

ITyHKTHpPOM IOKA3aHBI IEPECHLIKI
C YHHYTO)KEHUEM COOOIIEHUS].

6. C6op mo o6paTHOMy % . % é
nepeBy (ero pébpa Gernsie). ; v

YucnoPébep = uncno
BXOJLILIIX OBPATHEIX pEGe 7. PacchLiKa 10 caMonepeceyeHus.
P peoep. IMoka3aHbI BCe MapIIPYTHI H3 KOPHSL.

O VOO0

!

8. Paccblika 0e3 9. MHoKecTBEHHAsI pacCchLIKA.
MOBTOPEHHS. Tloxa3aHbI pacCBUIKU U3 BCEX HHUIHATOPOB
Map1upyTsl U3 KOpHSL. (MHULUATOPBI BBIIEICHBI OCIIBIM LIEHTPOM).
ITyHKTHpOM MOKa3aHbI ITyrkTHpOM MOKa3aHBI COOOIICHNS,
CO0OIIIEHNSI, TOBTOPHO MOBTOPHO IPUXO/SIINE B BEPLINHY.

MPUXO/LIME B BEPIINHY.
Puc. 2. bazosvie knaccol coobuyenuil.
Fig. 2. Basic message classes.
CooOmieHre MOXKET HaKaluliBaTh B ceOe¢ TPOWACHHBIH MM MapuipyT B BHUJC

HOCIIENOBATENBHOCTH P = <vy,fy 11 Vo,f5,1,.. Vi, T Mo Vie 1, Te 1> HOMEpOB mpoiineHHBIX
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BEepPIIMH W TIPSAMBIX W OOpaTHBIX HOMEpPOB pEOGEp, a coolmeHue mepenaéres us3
BEPIIMHBI Viyy 10 pebpy fr1. Korma takoe cooliueHne co3qaéres BEPUIMHON Vi H
noceutaercs 1o pebpy fi, B coobiuennn napamerp P = <vy,f;>. Korna Bepiuunna v; mo
pebpy riy momy4aer coolmeHue ¢ mapamerpoM P =<vy firiVo, 0,V > u
HoChUIaeT cooOMIeHHe Aanee o pebpy fj, B moceuiaeMoM COOOIICHHH Mapamerp
P := P-<riy,v;,fi>. Ecim kakume-To HOMepa He HY)KHO HAaKaIUTMBATh: HOMEpPa BEPIIIHH,
npsiMbie  HOMepa pébep wimm oOparHbie HOMepa pébep, — To B KoHenm P He
J00ABIISIETCSI COOTBETCTBYIOIINI HOMED, M TIOCIEI0BATENEHOCTE P HE comepKuT 3T
HOMepa. bynem HaspIBaTh BapHaHT HAKOIUICHWS X-HAKONJeHUueM, a HaKOIUIEHHYIO
nocieioBatenbHocTs P —  X-gekmopom  mapwpyma, TAE X oOIpeneinsercs
peryssipHbIM BbIpakerHreM x =V ? f?2 r? (3Hak «?» O3HAYaeT YKCIO MOBTOPEHHI
npeasiaymero cumbosia 0 wim 1 pas). [To ymonyaHuto HaKOIUIEHHS HET (X IIyCTO).

B nmanHO# cTtaThe xopoou nodepaga Oynem Has3pBaTh pedpo, 00a KOHIIA KOTOPOTO
npuHaaIexkaT noarpady, HoO camo pebpo He NpHHAMICHKUT noarpady. Ilymém
Ha3bIBAETCSl MapHIpyT 0e3 camomepecedeHus, T.e. TAKOH MapIipyT JUTHHBI K, 4T0
Vij=1.k+1 (i# = vivj). MHorna Takod MapuIpyT Ha3bIBAaIOT HPOCTHIM IIYTEM.
Tepmunanvroii gepwunot OyIeM Ha3bIBaTh BEpIIUHY cTereHu 1. [Tymém ¢ xopdoti
Ha30BEM MapUIPyT, KOTOPBI COCTOMT W3 IYTH, MPOAOJDKEHHOTO XOPZOH 3TOTo
myTH, T.e. uMmeeT Bua P-<ev>, rme P — myTh, € — Xopaa mytu P, mHIMIEHTHAS
KOHEYHOW BEpIIWHE TYTH W BepmuHe V. [lymém ¢ pebpom HA30BEM MapIipyT,
SIBIISTFOIIUACS MTyTEM WM TTyTEM ¢ XopJ0i. OYeBUIHO, IITUHA IYTH HE TIPEBOCXOIUT
D, a ecnu Havamo Mapmpyra — KopeHb, TO Dy MakcuManbHas IJIMHA IIYTH C
xopao#t Ha 1 Gompmie. J[7s KOPHEBOTO AepeBa JUCHOM WIU JUCTHOGOU BEPUILHON
JIepeBa HA3BIBAIOT TEPMHUHAJBHYIO BEPIIMHY JEPEBa, OTIMYHYIO OT KOpHS, a
BHYympenHell 8epuuHOll JIepeBa — €ro BEpIINHY, HE SBISIOLIYIOCS JHCTOM WM

KopHeM zepeBa. KopHem octoBa rpacda, OyaeM cuutaTh KOpeHb Tpada.
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Paszmeuennvim epagpom Ha3oBEM Takol rpad, B HEKOTOPHIX BEPIIMHAX KOTOPOTO
OTMEYEHBI HEKOTOPHIC WHIMIECHTHBIE UM pEOpa CO CIEAYIONIMMHU OTpaHUYCHUSIMHU:
1) xaxmoe pedpo oTMeUeHOo He OoJiee YeM B OJHOUM M3 MHITUACHTHBIX MY BEpIIHH,
1 OTMEYEHHOE PeOpO CUUTACTCS YCIOBHO OPUCHTHPOBAHHBIM OT dTOW BEPIITUHBI; 2)
YCIIOBHO OpUEHTHPOBAHHBIC OTMEUYCHHBIC pebpa 00pa3yroT alUKIMYECKHi Tpad.
OueBHIHO, JUIMHA ITyTH IO OTMEUEHHBIM p&Opam He mpeBocxoauT D, a ecnu oguH
U3 KOHIIOB ITyTH KOpeHb, To Dy. Bynem roBoputs, 4to oTmMeueHHOE pedpo 6bixooum
U3 8epuiUHbl, €CIIM OHO OTMEYEHO B 3TOH BEpIIHHE, 1 8X00UmM 8 8epuiuHy, €CIIA OHO
WHUUJEHTHO 3TOM BEPLIMHE, HO HE OTMEYEHO B HEM.

Ham monano0siTcs 1Ba Ba)KHBIX YacTHBIX CiIydas pa3MedeHHoro rpacda, Korma
OTMEYEHHOE MHOXECTBO pEOEp MOpPOKAAET JileC NEPeBbEB, M B KaXKIOM JepeBe
BBIJIENIEH ero KopeHb. Eciam Bce péOpa eca OTMEUEHBI Tak, YTO Ka)kII0€ JEepeBO
YCIIOBHO OPHEHTHPOBAHO OT KOPHS (K KOPHIO) IepeBa, TO TAKOH pa3MedeHHBIH rpad
OyneM HasbiBaTh npsamuim (o6pamuvim) aecom. EcCmu Jiec COCTOMT W3 OJHOTO
JiepeBa, SBIIIOIIErocs OCTOBOM rpada, To mpsMod (oOparHblil) sec Oynem
Ha3bpBaTh npsamuim (06pamnvim) ocmosom. PéGpa mpsimoro (oOpaTHOro) Jeca
Oynem HasbiBaTh npsmoimu (0Opamuvimu) péopamu, a MyTh U3 IPSIMBIX (OOPATHBIX)
pédep Oynem HasbIBATE npsmbim (0Opammubim) nymém.

[Ipu omumcanum KiaccoB COOOLIEHUH cCreyuanbHviii Kpumeputi TIOHUMAeTCs Kak
HEKOTOpOE YCIOBHE, OCHOBAHHOE HA 3HAUCHUSIX NEPEMEHHBIX BEpIINHBL

B nanpHeiimem Mbl OyJeM ONHKCHIBATH QITOPUTMBI, COCTABICHHBIC KaK W3
«KHPIUYUKOBY W3 HECKOJBKHUX alTOPUTMOB, B TOM YHcIe, U3 0a30BBIX MPOLEAYD,
OBITh MOXET, C KaKUMHU-TO WX MomupukanmusMmu. Tam, rae OymeT BO3HHUKATH
KOJUTH3HSI COBIQJAIONINX WMEH MEPEMEHHBIX WM THIIOB COOOIIEHWH W3 pa3HBIX

KOMOWHHPYEMBIX aJTOPUTMOB U TIPH PA3HBIX MOAM(PHUKAINAX OIHOTO M TOTO XKE
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anroputMa, OyaeM IpenmnojaraTb CHCTEeMaTHIeCKoe MePenMEHOBAaHNE 3TUX UMEH H

THUIIOB, HC OrOBapuBadA 3TOro CIICUAIbLHO.

4.1.0gnHOYHaA nepepaya

CooOmieHne 3Toro Kjiacca JBUTaeTcs 10 0JTHOMY pedpy, Tociie 4ero YHHUTOKAETC.
BaszoBeie mapamerpel: Tun — tum cooOuienus pasmepom O(1). basoble
nepeMennbie: Cmenens — cTeneHb BepiuHbl pazmepom O(logA).

BepmuHa MOXeT co3maTh cpa3dy HECKOJIbKO COOOIIEHWH JTOro THUHA |
OJTHOBPEMEHHO IOCTAaTh UX MO HECKOIBKIM WHITHIESHTHBIM PEOpaM: IO BCEM WIIH IO
TeM, KOTOPbI€ YIOBJIETBOPSIOT TOMY HJIM MHOMY CIIELUATbHOMY KpUTepHIo. Takxke
COOOIICHHE JTOTO THIIA MOXET OJHOBPEMCHHO CO3[aBaThCsi B HECKOJBKUX
BeplIMHax. B 1r000M cityyae Tocie CO3MaHus BCEX TaKUX COOOIICHUH MO KaKIOMY

pedpy B KaKIOM HaIllpaBICHUH IPOXOIUT HE O0Jiee OAHOTO COOOIICHHUS.

Ouenka. M = O(1). A=0(logA). F = O(IogA) = 0nm_s» [Onse]- TS L. N<1.E=0(1).

4.2.Bonpoc/OTBeT

B a10i1 mporneype NCTIONB3YIOTCS IBa THTIA COOOEeHUH: Bonpoc n Omeem.

bazoseie mapamerpel: Tun — THn coobmerus pasmepom O(1). BasoBbie
nepemenubie:  Cmenens ~ —  cremeHb  BepiuumHbl  pasmepom  O(logA),
CuémuuxOmeemog — u3mensiercsi ot Cmenens 10 0, umeet pazmep O(logA).

Bepmmna noceutaer Bonpoc 1o xaxaoMmy MHIHMAEHTHOMY €M peOpy, mocie 4ero
OKHMJAaeT TNONydeHHsi cooOmeHnid Omeem 10 KaXIOMy TakoMy peopy.
[Ipennonaraercs, 9T0 MO KaXIoMy peOpy AOIDKSH MPHUATH POBHO OnuH Omeem.
Cravana CuémuuxOmeemos = CmeneHsb, a IOTOM CUETYHK YMEHBIIAeTCs Ha | mpH
rorydeHnn cooOrmennss Omeem. Korna c4éTunk cTaHOBUTCS paBHBEIM 0, OH CHOBa
nHUIHaIm3upyercs CuémuuxPébep = Cmenens A JadbHEUIIETO NCTIOIB30BAHUS.

[omyaus Bonpoc 1o HekoTOpOoMY peOpy, BEpIIMHA [TOCBUIAET 110 ITOMY K€ pedpy B
25



. Bypnonog, A. Kocaues.

OO6muii MOAX0/ K PEIICHHIO 33124 Ha rpa)ax KOJUIEKTHBOM aBTOMATOB.

Tpyast UuctutyTa cucremHoro nporpammupoBanus PAH. Tom 29, Bemmyck 2, 2017, ctp. 27-76. ISSN
2220-6426 (Online), ISSN 2079-8156 (Print).

50 ctp.

obpaTHOM HampaBiieHuu Omeem. 1o kaxmomy pedpy B KaXIOM HampaBIeHUH
MPOXOTUT He Oonee omHoro Bompoca w He Ooiee omHoro Omeema; TPUIEM
Omeem TiocbUTaeTCS TI0 PeOpy TOIBKO TOCTE MONTYICHHS 110 3TOMY pedpy Bonpoca.
Bo3MoxHBI MOJH(UKALINY 3TOTO alrOPUTMa, KOria Bonpoc mockiiaeTes TONbKO 110
Tem pEOpam, KOTOpbIE YJOBJIETBOPSIOT TOMY HIIH HHOMY CHELIUATLHOMY KPUTEPHIO,

u BMecTo Cmenernb UCTIOIB3YETCs YUCIIO TaKuX peoep.

Ouenka. M = O(1). A= 0(logA). F = O(logA) = Onm e [Onse]. T<2.N<2.E=0(1).

4.3.Mepecbifika N0 3aNOMHEHHOMY MapLIpyTy

Coo0leHue coIepx ur B cebe MapIipyT, [0 KOTOPOMY OHO JIOJDKHO IIPOMTH, B BUJIE
f-Bexropa mapipyra. Coo0OlLieHHe He pa3MHOKACTCSI, & YHUYTOKAETCSI TOTIA, KOT/a
TPOXOIUT 3alIOMHEHHBIN B HEM MapILIpyT.

Basoeie mapamerpel: 1) Tun — tun coobuenusi pasmepom O(1), 2) Mapwpym —
f-Bexrop P = <fy,f,,...fy> emé ne npoiinennoit yactu mappyra pasmepom O(klogA).
Ba30BBIX IepeMEHHBIX HET.

Iloka f-sextop umeer Bup P =<f,f, .. fi>, rme k>0, uz coobmenus ynansercs
HoMmep pebpa fi, T.e. P:=<f,,.. fi>, u coobienne nmoceutaercs mo pedpy f;. Ecim
k =0, To cOOOIIEHNE YHHYTOKAETCS.

Ouenka. Torma M =O(klogA). A=0(1). F=0(klogA). ns k=0O(D) umeem
F = O(DIogA) = 0 [Onseo]- T < k. Coobmienune He pasmuoxaercs, mosromy N < 1.

E = O(klogA).

4.4. Paccblifnika no oTMe4eHHbIM pébpam

I'pad pasmedeHHbIl. MapmpyT 3TOro Kjiacca SBISIETCS IMYTEM, COCTOSIIUM W3
OTMCYCHHBIX p&0ep. PeOpo mMmpoXoauTcss TO €ro YCIOBHOW OpHEHTALMU: U3

BCPIINWHEIL, B KOTOpOfI pe6p0 OTMCYCHO, B BEPLINHY, B KOTOpOﬁ OHO HC OTMCYCHO.
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BaszoBeie mapamerpel: Tun — Tunm  coobmenust pasmepom O(1). BasoBsix
TIepEMEHHBIX HET, He CUNUTasi OTMETOK pEbep.

Paccpuika cooOmeHnidi HaYMHAETCS C OJHOM WM  HECKOJBKUX BEPIIHH-
nHUIMaTopoB. CooOIeHne ABHTaeTcs MO OTMEUEeHHBIM pé&OpaM. OOBIYHO TPH
Pa3sMHOXEHHUU CO3JAaeTCS CTOIBKO COOOIICHWH, CKOJIBKO W3 BEPIIMHBI BBIXOAUT
OTMEUEHHBIX PEOEp M COOOIEHNUS TTIOCBUTAIOTCS 110 3TUM péOpaM. BosmoxkHo Takxke,
YTO COOOIIEHHE MOChUIASTCS HE 110 BCEM TakuM pEOpam, a TOJBKO 10 TeM, KOTOPbIE
YJIOBJIETBOPSIIOT TOMY HMJIM MHOMY CIleLHabHOMY Kputepuio. OObIYHO cooOieHne
YHHYTOXKACTCS B CTOKE AI[MKJIMYECKOTo moarpada OTMEUeHHBIX pEdep, T.e. B TaKOi
BEpIIMHE, W3 KOTOPOW HE BBIXOJAT OTMEYCHHBIC p&Opa. Bo3MoxHO Takke, d9TO
COOOIIeHNe YHUYTOXKACTCS PAaHBIIIE TI0 TOMY WIH HHOMY CIETIHATbHOMY KPUTEPHIO.
Ham nonamo0sTcs aBa Ba)KHBIX YaCTHBIX CIIydasX: PacChbUIKa IO MPSIMOMY Jiecy U
nepecsiika mo odparHomy mytu. Ecim moarpad otMedeHHBIX pébep — 3TO IpsSMOi
Jiec, TO pacchbUlka OOBIYHO HAYMHAETCS B KOPHE JepeBa AITOTO Jeca; B KaKHOi
BHYTPCHHEH BepIIMHE CTETIeHH OOoJbIIe 2 MPOUCXOANUT Pa3MHOKEHHE COOOIICHHS.
Yucno cooOLieHnit paBHO 4YHMCIY JIMCTBEB JIEPEBbEB MpsMoro Jjeca. Ecmu ke
noarpad OTMEYEHHBIX pEOEp — OSTO OOpaTHBIA Jiec, TO pPa3sMHOXKEHHS He
MPOUCXOJUT, TOCKOJIbKY W3 KAXKIOW BEPIIMHBI BBIXOJAUT HE OoJice OJHOIrO
obpatHoro pedpa. CooOlenne qBuraercs no oOpaTHeIM pEOpaM 10 KOpHS AepeBa.
OrieHka. M = 0(1). He cyuTas oTMeTOK  pé&dep, A=0(1) u
F =0(1) = Onmosw [Onse]- T< D (T < Dy iput paccsuike OT KOPHSI MM €CITH KOPEHb
eIMHCTBEHHBIN CTOK moarpada oTMedeHHBIX pébep). Jms mpsmMoro neca, Korma
HHHALUATOPBI — 3T0 Kopuu aepeBbeB, N < 1 u E = O(1), mis obpatHOro yieca, Koraa

WHHULHATOPBI — 3TO JUCThsI AepeBbeB, N < n-1 u E = O(n).
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4.5. Pacchbifika NpoTUB OTMeYEeHHbIX pébep

I'pad pazmeuenHblii. MapipyT 3TOro Kjacca COCTOMT M3 OTMEYEHHBIX pEéOep, HO
MIPOXOIUMBIX TIPOTUB MX YCIOBHOM OPHEHTANINHU: M3 BEPIINHEI, B KOTOPOH pedpo He
OTMEYEHO, B BEpIIMHY, B KOTOPOH OHO OTMe4YeHo. TouHee, COOOIICHHE
nepecslIaeTcs U mo péopam, He OTMEUCHHBIM B WX JPYTOM KOHIIE, HO ITOCIIE TaKOH
MEPEChUIKN COOOIIeHNe Cpa3y YHHUYTOXKaercsi. He cumTas TakWx IepechUIoK,
cooOlleHne JBUTaeTcss N0 alUKIMYecKoMy rpady OTMeUYeHHbIX pébep B
HarpaBJeHUH, OOPaTHOM YCJIOBHOW OpUEHTAINU 3THX PEOEp.

BazoBsie mapametpsr: Tun — tan coobuienus pazmepom O(1). BazoBsie mepeMeHHbIC
(e cumnrasi otMeToK pébep): Cmenens — creneHp BepuinHbl pasmepom O(l0gA).
Paccputka cooOmieHuit HauMHaeTcss € OJHOM WM HECKOJBKHX  BEpPIIHMH-
WHUIATOPOB. VHUIHMATOP pacchuIaeT COOOIIEHHE IO BCEM HHITUAECHTHBIM €My
péOpamM, He OTMEUYeHHBIM B HEM. BepimHa, MoyduB cooOmIeHHE TT0 HEKOTOPOMY
pebpy, mpoBepsieT, OTMEUYeHO JI1 B Hell 3To pebpo. Ecimm pebpo HEe oTmeueHo,
coobmieHne yHWUYTOXaerca. Ecimm pebpo oTMedeHo, cOOOIIeHWe IepechulaeTcs
Jajbllie 10 BCEM WHIMICHTHBIM BEpIIMHE HEOTMEYeHHbIM pEOpam. BoamoxHO
TaKXe, YTO COOOIIEHMS TNOCBUIAIOTCS TOJBKO 1O TeM péOpaMm, KOTOpbIE
YIOBJIETBOPSIIOT TOMY WJIM HWHOMY crhelnuansHoMy Kpureputo. CooluieHue
YHHUYTOXAETCS MOCJIE TOTO, KaK OHO, IPO/IS IO pedpy, MOMaio B BEPUIMHY, TAE 3TO
pedpo He oTMedeHO. B wacTHOCTH, Bcerma YHHYTOXKAETCS COOOIIEHNUE, IOCIaHHOE
W3 MCTOKA aIMKINYECKOTO rmoarpada oTMEUeHHBIX pébep. Bo3mMoxkHO Takke, 9TO
COOOIIeHNEe YHUUTOXKACTCS PaHbIIIe TI0 TOMY I HHOMY CHEIHATBHOMY KPUTEPHIO.
Hanpumep, ecam BepmmHa «3HaeT», 9TO OHA SBISIETCS HCTOKOM, TO OHAa MOYET He
MOCBUIATh Jalibllle COOOIIEeHNE, a Cpa3y YHHUTOXKaTh ero. OTMeueHHoe pedpo Oyner

npoi?meﬂo OJUH pa3 B OAHOM HaIIpaBJCHUHN — IPOTUB €TI0 yCJ'IOBHOﬁ OpUCHTAIIUU.

28



. Bypnonog, A. Kocaues.

OO6muii MOAX0/ K PEIICHHIO 33124 Ha rpad)ax KOJUIEKTHBOM aBTOMATOB.

Tpyast UuctutyTa cuctemHoro nporpammupoBanus PAH. Tom 29, Beimyck 2, 2017, ctp. 27-76. ISSN
2220-6426 (Online), ISSN 2079-8156 (Print).

50 ctp.

He oTmeueHHoe peOpo OyAeT MpoiIeHo Mo OJHOMY pa3y B KaXIOM HalpaBICHUU
(kpome pEbdep, MHIMACHTHBIX HCTOKAM, €CITH HCTOKH «3HAIOT», YTO OHU UCTOKH).
HawnbGonee BaykHbIe YacTHBIC CIIydad pa3MedeHHOTro rpada — IMpsMOW W OOpaTHBIN
nec. B ciyuae oOpaTHOro jieca WHHIUATOPOM SIBISIETCS] OOBIYHO KOpPEHb JepeBa.
CooOmienne aBuraercs mo péopam nepeBa OT KOPHS JI0 JHCTHEB C pa3MHOXKEHHEM.
Ecmu BepimHa «3HaeT», 4TO OHA JIHCT JIepeBa, COOOIIEHUE cpa3y YHUUTOKAeTCs. B
cilydae MpsSIMOTO Jieca WHUIIMATOP — 3TO, KaK MPaBmIIO, JUCT JepeBa. CooluieHue
JIBUTAETCs 10 pEéOpaM JepeBa OT JicTa 10 KOpHs 0e3 pa3mMHoxeHus. Eciu BepinHa
«3HaeT», 4TO OHAa KOPEHb JICPEBa, OHA Cpa3y YHUUTOXKACT COOOIICHHE.

Omenka. M = O(1). A= 0O(logA). F = O(logA) = 0n e [Onsee]- T<D+1 mitn T < D,
€CITM MCTOKU «3HAI0T», YTO OHM MCTOKU. [Ipu pacchuike OT KOPHS WIIM K KOPHIO,
cootBeTcTBeHHO, | < Do+l wnu T < Dg. [Ins oOpaTHOro jeca, Korja MHAIUATOPBI —
o10 KopHH AepeBbeB, N <1 u E = O(1), ans mpsiMoro Jjieca, KOrjaa MHHAIMATOPHI —

9TO JIHCThA AepeBbeB, N < n-1u E = O(n).

4.6.C60p no obpaTtHomy AepeBy

I'pad pazmeueHnsIl, moarpad oTMEUEHHBIX PEOEP ABISIETCS OOPATHBIM JIECOM.
BazoBbie mapamerpel: Tun — THn coobmenus pasmepom O(1). Ba3sosbie
nepeMenHble: Cmenens — ctenieHb BepinuHbl pasmepom O(logA), O6pamuoePebpo
— HOMeEp BBIXOISLIEro oOpaTHOro pedpa (B KOpHAX AepeBbeB paBeH () pasMepom
O(logA), YucnoPébep — umcno Bxomsaummx oOpaTHeIx pébep pasmepom O(logA),
CuémuuxPébep — nuamensercs ot YucnoPébep no 0, umeet pazmep O(logA).

OT0 eAMHCTBEHHAs Mpoueaypa oOpabOTKH CO CIMSIHUEM COOOLICHUil: coOOIIeHue
JAHHOTO THUIIA TIOCHUTACTCS U3 BEPILMHBI M0 BBIXOSIIIEMY 00paTHOMY pedpy TONBKO
TOTJa, KOTJa MOJyYEeHbI COOOIICHHUs] STOTO THIA MO BCEM BXOASAIIMM OOpPATHBIM

p€opam. BO3MOXHO W JOIMOJHUTELHOE YCIOBHE MOCHUTKH cooOrienus. CHadana
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CuémyuxPébep = YucroPébep, MIOTOM CUETIYUK YMEHBIIAeTCA Ha | TIPH MOTyICHUH
coo0mIeHus o BxoasmeMy obpaTtHoMy pedpy. Korna (e B xopue) CuémuuxPébep
CTaHOBHUTCA paBHBIM (), TMOCBHUIAETCS COOOIIEHHWE IO BBIXOAAINIEMY OOpPATHOMY
pebpy, a CuémuuxPébep := YucroPébep nns nadbHEUIET0 UCTIOIb30BaHNS.

C6op mo oOpaTHOMY J1epeBy OOBIYHO HAYMHAETCS B JIMCTBHAX OOPATHBIX JAEPEBHEB,
0 K2XKJI0MY 00paTHOMY peOpy MPOXOIUT POBHO OJTHO COOOIICHUE TAaHHOTO THIIA.
Bo3moxna Moaudukalys 3TOro ajaroputMa, Korja OXHIATCs cooOlieHus (He
0053aTENIPHO 3TOTO THIIA) HE MO0 MHOXECTBY BXOMSIIMX OOpaTHBIX pEOep, a mo
HEKOTOPOMY €ro HaJIMHOXECTBY, HE COJICPIKAIEMY BBIXOJSIICTO 0OpaTHOTO pedpa.
Hanpumep, o BceM HHIMIECHTHBIM pEOpaM, KpOME BBIXOJIAIIEr0 00paTHOTO pedpa.
B 3rom ciydae nepemenHas YucnoPébep MHUIMAIN3UPYETCS HE YHUCIIOM BXOJISAIINX
oOpatHbeIX pEbep, a umciaoM pEGep B HYKHOM HAJIMHOXECTBE, HalpHUMep,
Cmenensv-1. CooOmieHne MpOXOoAWT OJHO pedpo M mamee MyTh 1Mo aepeBy. Ilo
KaXIoMy peOpy Jieca IpoXoIuT He 0oJiee OHOTO COOOIIEHMs, a 1o IPyroMy pedpy
— He 6oJiee OJTHOTO COOOIICHHS B KaKJIOM HAIPaBICHHUH.

Ouenka. M = O(1). A = O(logA). F = O(logA) = 0nm_se [Onse]- TED u T < Do, ecnu
KOpeHb JiepeBa — 3TO KopeHb rpada. ns momuduuupoBaHHON MPOIETYPHI,

cootBercTBeHHO, T < D+1 u T < Dy+1. B mo6om ciyqae N < 1. E = O(1).

4.7.Paccbisika Ao camornepeceyeHus

I'pad mymepoBaHHBIM, HOMEp BepmMHBI MeHseTcs oT 0 10 N-1 m mMeer pasMep
O(logn). Mapmpyr kiacca sBIAETCA IyTéM C  XOpAOH WM  IIyTéM,
3aKaHYMBAIONINMCS B TEPMHUHAIBHOM BepiinHe Tpada. [IpumensieTcs V-HaKOIUICHHE.
Basoseie mapamerpsl: 1) Tun — tun coobmenus pasmepom O(1), 2) Mapwpym —

V-BEKTOp IyTH P = <Vy,Vy,...V, V1> pasmepom O((k+1)logn). ba3oseie nepeMeHHBIE:
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Cmenenv» — ctenenp BepiinHbl pasmepom O(logA), Homep — HOMEp BEpLIMHBI
pasmepom O(logn).

Korma cooOmieHne co3fgaéTcs B BepUIMHE Vi, OHO pAacchUIaeTcs IO BCEM
MHIUICHTHBIM i péOpam | conepxuT V-Bektop P =<v;>. Ilycte cooOmenue c
V-BEKTOPOM P = <Vy,V,,...Vy,Vy+1>, IPUHAMACTCS B BEPIIUHE V 110 pedpy r. Ecim 3to
«HoBas» BepimHa, T.€. Vi=l.k+1l Vv#V, coollueHue [gajee IOCBUIAETCSA IO
KOKIOMY peOpy, WHIUACHTHOMY BepIIMHE V, Kpome pebparl. B coobmeHnn
ykasbIBaeTcs V-Bekrop P := P-<v>. Ecnu cTenenp BepmmHbI O0JIbINe 2, IPOUCXOANUT
pasmHoxeHne coodmenus. CooOIeHne YHUITOXKaeTCsl, KOTAa OHO TIPOXOIUT XOPIY
nyTH, T.e. obpasyercs ruki: 3i=1..K+1 v = v;, uiam korja BepiiHa V TepMUHAIIBHAS.
Paccbuika 10 caMomepeceueHHs HauyMHaeTcss B OJHOW BepmuHe. Ilo kaxkpomy
MapIIpyTy C HA4aJIOM B 3TOI BEPIIUHE, SBJIAIOIIEMYCS IyTEM C XOPJOH WM IIYTEM,
3aKaHYMBAMOLIMMCS B TEPMHUHAIIBHOI BEPIIMHE, TPOXOAUT POBHO OJIHO COOOIICHHE.
Bo3M0OXHBI MOAN(DHUKALMK aNrOPUTMA, KOTJa COOOIIEHHE MOChUIAETCS TOJIBKO IO
TeMm péOpam, KOTOPbIE yIOBJIETBOPSIIOT TOMY WJIH HHOMY CIICHHAIbHOMY KPUTEPHIO.
Ouenka. M = O(Dlogn). A = O(logA+logn). F =0O(Dlogn+logA) = Opw [On_ewl-
T <d+1, a npu pacceuike oT kopust T < dg+1. Ynciio N cooOuiennii Ha pebpe a—b
He OoJjblie YHcia MyTel, HAYMHAIOUIMXCS B HHUIMATOPE U 3aKaHYMBAIOIIUXCS

pebpom a—b. Ha kmacce Becex rpadoB N 1 E 5KCIIOHEHIMAIBHO 3aBHCAT OT N.

4.8. Paccbinka 6e3 noBTOpeHus

MapuipyT 3TOro Kiacca sBISIeTCS ITyTéM ¢ peOpoM.
bazoBele mapamerpel: Tun — THn cooOmienus pasmepom O(1). Basosbie
nepemennblie: Cmenens — crenedb BepinHbl pasmepoM O(logA), beiio — OyneBckuit

MpU3HAK, paBHLIfI true, eciu B BCPILINHE OBLIO COOﬁHleHI/Ie OTOro THUIIA.
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Korma BepimuHa mony4daeT cooOlneHue 1epBbiii  pa3  (Bwowio = false), ono
TIEPEChIIaeTC M0 KaXAOMy pedpy, WHIMISHTHOMY BEpIIMHE, KpOME TOrO, IO
KOTOPOMY OHO IPHILIO B BepuinHy, W Boiro ;= true. Ilosropusie (bbiro = true)
MPUHUMAaeMble COOOIIEHUsT UTHOPHPYIOTCS. Eciu creneHs BepimnHbBI OoJblne 2,
cooOmenne pasmHoxkaercs. CooOlleHHe YHHYTOXAETCS, €CIIM OHO IOBTOPHOE
(BbLro = true), wnm xorjaa cooOIIeHHE MONaaeT B TEPMUHAIBHYIO BEPIIUHY rpada.

Pacceuika 6e3 TOBTOpEHHST HAYMHACTCS B OJTHOW BEpILMHE, OOBIYHO B KOpHE rpada,
13 KOTOPOH COOOIIEHHUS! PacChUIAIOTCS 110 BCEM MHIMJICHTHBIM p&OpaM. B cBsi3HOM
rpade 1S Kakaoi BepuinHbI D GymeT poBHO OJHO MHIHMACHTHOE el pebpo ab, mo
KOTOPOMY COOOIIIEHNE JAHHOTO THIIA TIEPBBI pa3 IPUXOAUT B BepinuHy b. Eciu ato
pebpo YCIOBHO OPHUEHTHPOBATH Kak a—b, TO MHOXECTBO TaK OPUEHTUPOBAHHBIX
pébep obpasyer mpsiMoit ocToB Trpada (OpUeHTHPOBAHHBIN OT KOpHs). Ecmu pedpo
YCIIOBHO OPHEHTHpPYETCS Kak b—a, To MHOXECTBO Tak OpPHEHTHPOBAHHBIX p&GeEp
obpasyeT 0oOpaTHBIH OCTOB rpada (OpHEHTHPOBAHHBIM K KOpHIO). Ilo Kakmomy
pebpy ocToBa MpoiaET POBHO OIHO coolIIeHHe B HamnpasieHun a—b. Tlo kaxmoi
XOp/JIe 0OCTOBA ITPOMIYT POBHO JIBa COOOLICHUSI, TI0 OJAHOMY B Ka)KIOM HalpaBJCHUH.
Bo3MOXHBI MOJM(HUKANU aIrOPUTMA, KOTJIa COOOINEHHE MOCHLIAETCS TOJBKO IO

TeM p&Opam, KOTOPHIE YIOBJIETBOPSIOT TOMY WJIN HHOMY CIIEHHAJIbHOMY KPHTEPHIO.
Ouenka. M =0(1). A=0(logA). F=0(logA) = Onm_e [Onse]. Ecm coobuienne
paccbuiaetcs mo BeceM pébpam, o T < d+1 (T <dy+l npu paccbuike OT KOpHsI), a

eciu He 1o BceM, To T < D+1 (T < Dg+1 npu pacceuike ot kopust). N < 1. E = O(1).

4.9. MHOXecTBeHHas pacchbisika

I'pad nymepoBaHHBIH, HOMep BepuIMHBI MeHseTcs oT 0 10 N-1 u umeer pasmep
O(logn). MHOkeCTBeHHasT PacChUIKa — 3TO pacchbUika 0e3 MOBTOPEHUs, KOTOpas

napaJijieJIbHO BeﬂéTCﬂ, HavYWHagd C HECKOJIbKHMX Ha4aJbHbIX BCPHINH, KOTOPLIC MbI
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Ha30BEM unuyuamopamu. JIis TOTO YTOOBI pa3invaTh COOOIIEHHS OT Pa3HBIX
MHHIMATOPOB, BEPIIMHA XPAHUT MHOXKECTBO HOMEPOB HHUIIMATOPOB, COOOIICHUS OT
KOTOpBIX ObUTH B BepiirHe. OOBIYHO 1eJIh PACCHIIKHA — JOCTaBUTh WH(OPMAIIHIO B
HEKOTOpPbIE KOHeYHble BEPIIMHBI (HE WHUIHATOPBI), B YaCTHOCTH, B KOPEHb, B
KOTOPBIX COOOIIEHNE HE IMOChUIAeTCs Jaibllle, a YHUUTOXaeTcs. Bpems mocraBku
nH(pOpMaINHU B KOHEYHbIE BEPIIMHBI, €CJIM OHH €CTb, OyJleM CUUTAaTh BpEMEHEM 1, a
oOIree BpeMs CymiecTBOBaHHs cooOIIeHuit 0003Hauum T*. Eciu mocie noctaBku
nH}pOpMaIMU B KOHEYHbIC BEPIINHBI HYXKHO, HE JOXKUAAACH BPEMEHH 1%, yIAaluTh
ocraBmirecsi B rpade coOOIIeHHs, MOXXHO BOCIIOJb30BaThCSl YHHUBEPCAIBHOM
MIPOIETyPOH OYUCTKH, OMMCHIBAEMON HIDKE B mopasene 6.3.

Bbazosbie mapamerpsl: Tun — tun coobienus pasmepom O(1), Huuyuamop — HoMep
uauaropa pasmepom O(logn). Baszosele nepemennsie: Cmenens — CTEIEHb
Bepuinabel pasmepom O(logA), Homep — nHomep Bepumnsl pasmepom O(logn),
HHuyuamopsi — MHOXKECTBO HOMEPOB HHHIIAaTOpOB pasmepom O(nlogn).

Ecnu BepumnHa He KOHEYHas, TO MEPBOE MOIYUYSHHOE €10 COOOIIEeHHEe OT AaHHOTO
HMHHIMATOpa OHa MEpEeChlIaeT N0 KaXIOMYy MHIUJICHTHOMY BEpIIMHE pedpy, Kpome
TOTO0, 10 KOTOPOMY OHO TIOJIy4eHO, a HOMEp MHUIHATOpa 100aBIsIeT B IEPEMEHHYIO
Huuyuamoput. TIoBTOpHBIE COOOIICHNUS OT TOTO e WHUIIMATOPA, a B TS PMUHAITBLHON
W KOHEYHOW BepIIMHE JTI00ble cooOmieHns, yHHYTOXaoTcsa. [lo pebpy B omHOM
HAIPaBICHUH MPOHIET He 0oJiee OJHOTO COOOIIEHHUS OT KaXI0r0 HHUIIMATOPA.
Bo3MoOXHBI MOAN(DHUKALMK aNrOPUTMA, KOrJa COOOIIEHHE MOChUIAETCS TOJIBKO IO
TeMm péOpam, KOTOPHIC yOBIECTBOPSIIOT TOMY WJIH HHOMY CIEHHATbHOMY KPHUTEPHIO.
Ouenka. M =0(logn). A =0(nlogn+logA). F = O(nlogn+logA) = 0m_e  [On_eol-
Iycte kK umcimo komeunsix BepmmmH. Ecmu k>0, to T<d, a ecnu coobuienune

mockUTaeTcss He 1o BceM pébpam, To T <D. Ecnm TOmBKO KOpPEHb KOHEUYHAs
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BepimHa, T0 T<dy u T <Dy coorBerctBenHo. T* <d+1l, a ecmu coobuieHue
noceuIaeTes He mo BeceM péopam, To T* < D+1. N < n-k. E = O((n-k)logn).
Moubukanus aiast BEeKTOPOB: MHOMECTBEHHAsl pacChliKa JUIs Cliydas, KOrja
HOMEDP BEPIIMHBI — 3TO f-BeKTOp MyTH OT KOPHSI 10 BEPIIUHBI IO MPSIMOMY OCTOBY,
paccMarpuBaeTcs HUKe B mojpaszene 5.5. 31ech Mbl IPUBEAEM TOJIBKO OICHKY.
Ouenka. M = 0O(DglogA). A =0(nlogA), F=0(nlogA) = Opnse [Onsw]. Ouenka

BpeMeHu T u umcia coobmennii N takue xe. E = O((n-k)DglogA).

5. lMocmpoeHue ocmoea 2pagha

B aToM pasnene ommchBaeTCS MPOILEAypa MOCTPOCHHs ocToBa rpada (cMm. Puc. 3),
KOTOpas B AajJbHEHIeM OyJIeT UCIIOIb30BaThes JIMOO Kak IpeBapUTENbHBIN JTall,

100 Kak MIPOTOTHUIT AJITOPUTMOB PCIICHUA 3a1a4 Ha rpane.

3
2 1
1 3
1* 2
Tpad CoobuieHne Bnepéod knacca Coobwmenune Hazao knacca

«Paccpuika 6€3 TOBTOPECHIS. «C6op 1o oOpaTHOMY JIepeBY».
ITyHKTHpPOM IOKa3aHBI COOOLIECHNS,
MOBTOPHO NPUXOISAIINE B BEPLIMHY.

(xopeHb 0603HaueH *)

Puc. 3. Ilocmpoenue ocmosa epaga.
Fig. 3. Construction of the spanning tree.

5.1.MocTpoeHune o6paTHOro ocToBa

Hcnonb3yercst coobmienne Brepéo xnacca «Pacchuika 6e3 moBTopeHus». BeprmiHa
UMeeT JOMOJHUTENbHYI0 mepeMeHHyo ObpammuoePe6po pasmepom O(logA),
MpeIHa3HAYCHHYIO AJIs XPaHEeHHs HOMEpa BBIXOAIIET0 00paTHOro pedpa.

B Havane npoueaypbl KOpeHb co34aéT cooOIeHHe Brepéod v ochLIaeT ero mo BceM
MHIOUICHTHBIM péOpaM. Korma HekopHeBasi BepIMHA MEpBbI pa3 (mepeMeHHas

Bouio = false) monywaer coobuienue Bnepéd, mnepemennas Ob6pamuoePe6po
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MHUITHAIA3UPYETCS HOMEPOM pedpa, Mo KOTOPOMY TOJIydeHO coodrieHne Brepéo.
OcTaJlbHOE PETyIupyeTcsl TpaBmiIaMu 00paboTku cooOlmieHus kiacca «Pacchimka
0e3 nosTopenus». OCToB OyAeT MoCcTpoeH Yepes BpeMs o, HO emé He Oosee 1 TakTa
COOOIIeHNsT MOTYT ABUTAThCA 1O Tpady (Mo xopaam ocrtoBa). st ompenencHus
KOHIIa IOCTPOCHUS OCTOBA, IPUMCHSETCS MPOLEAYpPa U3 CICAYIOIICTO MoApa3ena.
Ouenka. M =0(1). A=0(logA). F=0(l0gA) = Onmsw [Onsee]. T<dotl. N1
E=0(2).

5.2.OnpegeneHve KoOHLa NOCTPOEHUs1 OGpaTHOro ocToBa

Ecnmu HyXHO HE TOJBKO MOCTPOUTH OOpPATHBIA OCTOB, HO W OMPEACITUTH MOMCHT
3aBEpLICHUs] MOCTPOEHHS, TO JONOJHHUTEIHHO HCHONb3yeTcsi coobuienue Haszao
xinacca «Coop mo obpatHOMY JepeBy», Tae HucroPébep MOHUMAETCS KaK YHUCIO
WHIUICHTHBIX BepIInHE PEOEp, KpoMe BRIXOISIIETO 00paTHOTO pedpa.
Ilepemennsie YucnoPébep w CuémuuxPébep B KOpHE WHHITHAINZUPYIOTCS
CTETIEHBI0 KOPHA B Hadaje NpPOIENypHl IMOCTPOSHHS OOpaTHOTO OCTOBa, a B
HEKOPHEBOM BEPIIMHE — CTENIEHBIO BEPIIMHBI MUHYC 1, KOrzia BepIIMHA NIEPBBIN pa3
(nmepemennas boino = false) monyuur coobuieHne Bnepéd. HekopHeBasi BeplinHa
OKMJAeT IOJYYEHUs M0 KaKIOMY HMHIMJIECHTHOMY el pebpy cooOuienus Bnepéo
win Hazao, 4ro TpeOyer BpemeHu He Oonee dotl, mocme 4ero mochuiaeT Imo
BBIXOJISIIIEMY 0OpaTHOMY pebpy cooduienue Hazao. Coodmienne Hazao npoxoaur
MyThb K KOPHIO, HO W3-32 PAa3IMYHOTO M IIEPEMEHHOTO BPEMEHH IPOXOKICHIUS
coobmieHns Mo pédpam rpada ITOT MyTh MOXKET OBITH He KpaTdaimuM. [losTomy
coobmierne Hazad MoxeT mpoiTy Iy Th TiHOH He U, a D.

[Iporenypa 3akaHUIMBaeTCs, KOTa KOPEHDb MOIYYIHT coobuiernne Bnepéo wnm Hazao
M0 BCeM HHIWACHTHBIM KOopHIO péOpam. Ilo kaxmomy pebpy ocTtoBa HpOHIET

coobmieHne Bnepéo B TipsMOM HampaBiieHHd u coobOmienne Hazad B oOpaTHOM
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HaIlpaBJIeHUH, a MO KaXIOW XOpJE OCTOBAa B KaXKJIOM HANpPABJICHUH MPOUAET 1O

OJTHOMY coO0IIeHNI0 Brnepéo.

Ouenka cymMMapHO ¢ moctpoeHueM obOparHoro octoBa. M = O(1). A= O(logA).
F = O(l0gA) = 0nm e [On5)- T £ do+1+Dg. N < 1. E = O(1).

5.3.YcTaHOBKa CYETYMKOB BXOASALMNX OOpaTHbLIX pébep

OHOBPEMEHHO C IIOCTPOGHHEM OOpaTHOTO OCTOBA M OIpEJeNIeHHeM KOHIA
MOCTPOCHHSI MOXKHO WHHLMAIM3UPOBaTh B KaXKIOH BEpIIMHE IEPEMEHHYIO
YucnoO6pamuvixPébep  pasmepom  O(logA).  dns  3TOrO,  BO-TIEPBBIX,
HHHULHAIA3UPYETCS mepeMenHas YucroObpamuvixPébep = 0 B KOpHE B Hadaje
paboTel, a B HEKOPHEBOW BEpIIMHE MPH MOJYYEHHUH TMEpBOro (mepeMeHHas
buino = false) cooOuienuss Bnepéd. Bo-BTOpBIX, NpU MONYYCHHH COOOIICHHUS
Hazad, xoTopoe NPUXOIUT IO BXOJAIleMy oOOpaTHOMY peOpy, BeplIMHA
yBenuuuBaer YucroObpamuvixPébep na 1. Ilpu noceiike coobmenust Hazao 1o
BEIXOJIIeMy oOpaTtHOMy peOpy BepmmHa mnpucBanBaeT CuémuuxPébep =
YucnoPébep = YucroObpamuvixPéoep. KopeHb nemaer 3T0 B KOHIE pPaOOTEHI.
Ilepemennsie CuémuuxPébep n YucioPébep MOTYT BIOCIEACTBAN HUCTIONB30BATHCS
B 0aszoBoii mpouenype «COop 1o oOpaTHOMY JIepeBy», korma YuciroPébep
TIOHUMAETCsl KaK YMCII0 BXOJSIIMX 00paTHBIX pEoep.

O1eHKa CyMMapHO C IOCTPOGHHEM OOpaTHOrO OCTOBa M OIPEAEICHHEM KOHIA
moctpoernss. M = O(1). A=0(logA). F =0(logA) = Onmse [Onosw]. T < dgt1+Dg.
N<1. E=0(1).

5.4. OTMeTKa NpsMbIX pédep

OJHOBPEMEHHO C TIOCTPOCHHEM OOpaTHOrO OCTOBa C OINPEJCICHUEM KOHIA
MOCTPOEHHSI MOXKHO TIOCTPOUTH U MPSIMOI OCTOB, OTMETHB pEOpa OCTOBa B APYTUX

UX KOHIax. J[ns 3Toro B Kax1oW BepIIMHE HYyXKHa nepemenHas [lkaraPébep —
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OutoBas mikana pasmepoM O(A), conepxkaimias MO OJHOMY OUTY Ha Kaxioe
uHIuaeHTHOe pebpo. Illkana WHUNMATU3UPYETCS HYJIsIMA B KOpHE B Havale
paboTel, a B HEKOPDHEBOW BEpIIMHE MPH TMOJYYEHHH TMEPBOro (ImepeMeHHas
Bouno = false) coobuienust Brepéo. Tlpu nonyuenun no pedpy i coobienust Hazao

B i-bli OUT IKaJBI 3anUchIBaeTes 1.

Ouenka cymmapHo ¢ mocrpoermem ocroBa. M =0(1). A =0(logA+A).
F = O(IogA+A) = Omineses [Onse]. T < dg+1+Do. N< 1. E = O(1).

5.5. BbiCcTpOe NnocTpoeHne octoBa

MOXHO YMEHBIIUTH OLEHKY BPEMEHH MPU MOCTPOCHHU OCTOBA JI0 ONTHUMAJbHOM,
€CITM UCTI0NIB30BaTh coodienne Hazaod kinacca « MHOKECTBEHHAsI pacchbUIKa», KOTaa
TOJIBKO KOpEHb KOHeuHas BepiuuHa. Jms 3Toro kimacca rpad JODKEH OBITh
HYMEPOBAaHHBIM, HO MbI OyJeM HyMEpOBaTh BEPIUIMHBI OJHOBPEMEHHO C
MOCTPOEHHEM OCTOBA. MBI MPUMEHUM CIIOCO0 HyMepaluy BEPIIHH, aHATOTHYHBIN
TOMY, KOTOPBIi ucronb3oBaics B [6],[8] mmst opuentrpoBanuoro rpada. st 5Toro
B KayeCTBE HOMEpA BEPIIUHBI BO3bMEM f-BEKTOp MPAMOTO IyTH OT KOPHS [0 3TOM
BEPILUUHBI, KOTOPBI Ha30BEM gexmopom eepuwunsi. OH umMeer pasmep O(DologA).
Coobuienne Bnepéo moceinaercs ¢ f-HakomneHHeM, W BepIIMHA MONy4YaeT CBOM
BEKTOp M3 IEPBOT0 IOJIyYEHHOro elo cooOmenus Bnepéd. Kak u pasblue, npu
MOTyYEHUH TIEPBOTO COOOIICHUSI Brepéd mo peOpy i BeplMHA 3alIOMUHACT | Kak
HOMED BBIXOIIIEro odpaTHOTro pedpa.

JobaBnsercs emé oaHo coobmenue Ocmoe knacca «OauHOYHAS Tepenada» 0e3
JIOTIOJTHUTENBHBIX [APaMETPOB, KOTOPOE MpH Mepeade W3 BEepIIHHbI & 1o pedpy
a—b coobmraer Bepuune b, uro 310 pebdpo sBuseTcs pebpom ocroa. CoobuieHue
MOChIIaETCS B OTBET Ha IepBoe coodlieHne Brepéo, nonyuenHoe BepiinHoii a. Ilpu

nonydeHun coobuienusi Ocmoe (a ve Hazad kak panblie) mo pedpy j BepuinHa
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yBenmuuBaeT YucroObpamuwvixPédep Ha 1 W, ecoW HY)XHO OTMETUTH TPSMBIE
pébpa, To B j-bIii OUT HIepeMenHoM [lkaraPébep 3anuchiBaer 1.

CooOmiennie Ha3ad conepXKUT BEKTOP CO3/ABILEr0 €ro HMHHUIMATOPA M YHCIIO
BXOJSIINX 00paTHbIX pEéOep HMHUIMATOpa KaK JOTOJIHUTENbHBIN HapaMerp.
Coobmenne co3maéress B BEpIIMHE, KOTZA [0 KaXIOMY HWHIIMIECHTHOMY € pedpy
Oyner moaydeHo coobOmieHue Bnepéo wiu Ocmog, T.e. KOTJa IOJHOCTHIO
onpenenurcs YucroObpamuvixPébep n, ecnu vy ) HO, [[IxanaPéoep.

ITockodbKy KOpPEHb KOHEYHAs BEPIIMHA, OH HE MEPEChUIACT NANbIIC COOOIICHUE
Ha3ao, HO 3amOMUHAET BEKTOP MHHULUATOpPA P M YUCIO (, BXOJAIIMX B HETO
o0OpatHbIX pEOep. 3aMeTuM, YTO BXOMSIIEe 0OpaTHOE peOpPO COBMAIACT C MPSIMBIM
BBIXOJAIIMM PeOpPOM C TOUHOCTBIO JIO YCNIOBHOH opueHTaiuu. Iloatomy g, paBHO
YUCITy BBIXOIMIMX TNPAMBIX peOep. OCTOB TMOCTpOEH, KOraa MHOXKECTBO P
3alIOMHEHHBIX BEKTOPOB HWHHUIMATOPOB COJEPKHUT BEKTOpa BCEX BEPIIUH, 4YTO
OTIPENIeNACTCS] YCIIOBUEM «B8EeKMOPHOU 3amkHymocmu»: 1) mpepuKc-3aMKHYTOCTb:
VpeP moboi mpedukc p mpuHamnexuT P, 2) mocThuUKC-3aMKHYTOCTh: BEKTOD
BEPIIMHBI TPOJODKAETCS B P KaKAbIM MPSIMBIM peOpPOM, BBIXOASIIAM H3 HeE:
VpeP card({ f| p-<f>eP }) = q, (3zeck card(X) momuocTs MHOXecTBa X).

[Iycts BepmmHa @ MONyduT NepBoe coobmienue Bnepéo depes Bpems I'. OueBuaHO,
r <dg. 3arem, eciu r = dy, To He Gosiee ueM yepe3 | TakT BepIIHHA @ MOJYUYHUT IO
Ka)XXIOMy WHIMICHTHOMY cii peOpy cooOmienue Bnepéd, u coobmenune Hazao
OyzeT coznano uepe3 Bpems He Oonee r+1 = dg+l. Ecmu r < dg-1, To He Gonee uem
yepe3 2 TakTa BepUIMHA @ MOJYYUT [0 KAKAOMY HHIMICHTHOMY e€if peOpy
coobmienne Bnepéo v Ocmoes, u coodmenne Hazao Oynet co3maHo depe3 Bpemst
He Gonee r+2 < do+1. CoobGiuenne Hazao nsuraercs 10 KopHs He Gojee dy TakToB.

IosTomy T < 2dy+1.
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Pa3mep BekTopa Bepiuunsl paBeH O(DglogA), moatomy nepemennas Huuyuamopul
nmeet pasmep O(NDylogA) = 0. OtHaKo Ha Kiaacce rpadoB 0e3 KpaTHBIX PEOEp
U merenb, rae A<Nn-1, 3TOT pasmMep MOXKET IOCTHIaTh MO MOPSAKY pasMmepa
ormcanus rpada n“logn. Hanpumep, eciu B rpade ecTb myTh OT KOPHS ITHHOM N-1
1o péopaM ¢ MakCHMMaJbHBIMH HOMEpaMH N-1, To MOXET MONyYUThCS TaK, 4TO K-as
BEpILHHA IYTH MOJYYHUT CBOIl BekTOp pasmepom mopsaka (K-1)log(n-1) kak BexTop
npedukca nytu mmHOM K-1, a cymma pa3mMepoB BEKTOPOB 110 BCEM HHHIUATOPAM
6yaer mopsurka n“logn.

Pa3mep maMsTH aBTOMara MOXXHO YMEHBIIUTB, €CIIM B MEpeMEHHON HHuyuamopul
XpaHUTh HE CIHCOK BEKTOPOB, a mpsmoe jaepeBo [13], B KoTopoM mHOMETHUTH
MHUIHAATOPEL. DTO NIepeBO OyleM HasbIBaTh depegom uHuyuamopos. OHO 3amaéTes
KaK CIHMCOK ONMCAaHW BEpINWH B TOpsaKe 00Xxoma mepeBa B mmpuHy. Omucanue
BEPIIUHBI — 3TO CIIUCOK BBIXOJSIINX W3 BEPIIMHBI IPSIMBIX HOMEPOB pEGEp Jepesa.
IIpsmoit HOMep pebpa, UMEIOIIHUN TBOUIHOE MPEICTABICHHUE X1,Xp,...Xr XPAHUTCS B
Bujie mocienoBaTeabHOCTH 0,X1,0,Xs,... 0,X,,1 pasmepom O(logA). Konen onucanus
BepIIMHBI 3a1aéTcs kKogoM 100, KOHeIl CITCcKa ONMMUCaHWK BEPIIMH 3a7aéTCsl KOJIOM
110 (8 [13] sro xomer 10 m 11, coorBercrBeHHo). Eciu BepimuHa — 3TO
3allOMHEHHBIH HHUIKATOP, TO Koa 100 3amensercs kogom 101. Torma mepemeHHast
Hnuyuamoper umeet pasmep O(n+nlogA) = O(nlogA). B xopue mocne koxa 101
JOTIOTHATENBHO TOMEIIACTCS YHUCIO BXOMIIMX OOpaTHBIX pEOEp HHHUIMATOPA
pasmepom O(logA); cymmapHo mo BceMm uHMIMaTopam nodasisercs O(nlogA) our.
Ouenka. M = O(DologA). Eciu mpsimbie pébpa He oTMeuarores, To A = O(nlogA),
F=0(nlogA) = Opnse [Onswel, @ ecu ormeuarorcs (5.4), To A= O(nlogA+A),
F = O(nlogA+A) = Ominse [Onsw]. T <2dgt+1l. Tlo pebpy B OXHOM HampaBiCHUH

OJTHOBPEMEHHO TIepeMenIaroTcs He 0oJiee 0THOTO coolmeHus Bnepéo nnn Ocmos n
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He Oonee omuoro cooOmenus Hazad ot kaxmoro mHunparopa (uuciaom N-1),

mosTomy N < n. E = O(nDglogA).

6. Cmonop u o4yucmka
B oaToM pazgene MBI MPEASIOKAM YHHBEPCATBHYIO TIPOIEIypy OOHApPYKECHHS

3aBCPUICHUSA pa6OTLI 1100010 ajropurMa, UCHOJIb3YIOLICTO COO6HI€HI/15{ KOHCYHOI'O
Yucijia TUIIOB, KOTOPYIO Mbl Ha3BaJId CHMIONOPOM, a TAKKEC HNPOUCAYPY oHUCMKU

rpada oT COOOLICHUH yKa3aHHBIX TUIIOB.

6.1.Ctonop

Jtoboii anropuT™M 4, WCIONB3YIOIMNANA COOOMEHUSI KOHEYHOTO YHCIa THIIOB,
3aBepIIacT CBOIO paboOTy HE MOIPKE TOTO MOMEHTA, KOria B rpade HCUe3HYT BCE
COOOIICHUS UCTIONIB3YeMbIX UM THIOB. [Ipemnomnaraercs, uro pabora anmroputMma A4
WHUIUUPYETCS KOPHEM, T.€. COOOINCHHS YKa3aHHBIX THUIIOB T'CHEPHPYET TOJIBKO
KOpeHb, a Jo0as HEKOpHEBas BEpIIMHA TIOCHUIAET COOOIICHWE OJHOTO U3
YKa3aHHBIX THUIIOB TOJIBKO B TaKOM cpabaThIBaHWH, B KOTOPOM OHa TOJydaeT
COOOIIeHNEe OJHOTO U3 YKa3aHHBIX THUTOB. ECIM HY»XHO OTCIE)KHMBATh HAIWIUE WITH
OTCYTCTBHE B rpade cooOrieHnid rodoro u3 TumoB ty,by,...t, TO MHOXKECTBO ITHUX
tunoB  t = {ty,t5,...ty} moHuMaeTcs kak OOOOMIEHHBIA THI, W CUYUTACTCS, YTO
COOOIIIeHEe UMEET THII t, eclii OHO MMeeT Tl tiet.

Cronop MCHoJb3yeTCsl KOPHEM B LIMKJIE: KOPEHb HAUMHAET MPOLEAYpY CTomopa H,
KOT/Ia OHA 3aKaHYMBAETCS W OKa3bIBaeTCsA, 4TOo B Tpade eme ecTh COooOIeHue
YKa3aHHOTO THIIa, HAUWHAETCS HOBAs MPOIEAypa CTOIOpa, U Tak Aajiee 0 TeX Mop,
TTOKa HE OKaXXeTCsl, YTO COOOIICHNH YKa3aHHOTO THIIA HET.

Cromop cTtpoutcss Kak MoAM(UKAIUsA TpOUenypsl (He OBICTPOTO) MOCTPOCHHS
00OpaTHOrO OCTOBA C ONpeJEICHHEM KOHIA HocTpoeHus (paszgen 5). B coolOuienue
Bnepéo noGaneH onWH TapaMeTp: THII YYHTBIBAEMOTO COOOIIEHHS Ymun
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pasmepom O(1). 3amaua coolbiueHnii Bnepéd — U3BECTUTH BCE BEPIIMHBI O Hayalle
npotenypsl cronopa. Coobmenne Hazad COnepKUT NOTOTHUTEIBHBIA OyIIEBCKHI
napametp Haiiderno, KOTOPBIH COOOMIAET O TOM, OOHAPYKEHO MM HET COOOIIeHIEe
tina Ymun. 3anada coobuiennii Hazad — MOCTaBUTh B KOPEHb JAU3BIOHKIIUIO WX
napameTpoB HatideHo.

BepiriHa HaXOUTCS B OTHOM U3 JIBYX PEKHMOB paboThl: Pabouuii u Yuém. Pexum
paboThl XpaHHUTCs B epeMeHHOi Peocum pasmepa O(1). Takke B BepLIMHE UMEETCSI
JIOTIOJTHUTENbHAs OyneBckas rnepeMeHHast Haiioeno. KopeHb epexoauT U3 pexuma
Pabouuii B pexum Yuém, xorga OH HAuMHACT MPOLEAYpPY cTomopa. MOKHO
CYNTATh, YTO 3TO MPOWUCXOIUT Cpasy IIocie Hadana paboThl anroput™a 4, Koraa
KOpEHb TEHEpHpYEeT IIepBO€ COOOLIEHWE THNA Ymun, WIM TPU 3aBEPLICHUH
OUYepeTHON TpOLEAYphl CTONOpa, eciu B rpade emeé OCTaIuCh COOOUICHHS TUNA
Ymun n nokHa HavaThCA ClletylolIas IpoLerypa cTonopa. B 3ToT MOMEHT KOpeHb
MHUIHATH3UPYET mepeMeHHyo Hatoeno (= false, cozgaér coobuienue Brepéo u
pacchlIaeT ero Mo BCEM MHIIMICHTHBIM KOPHIO pEOpam.

HexopHeBas BepmnHa B pexuMe Paboyuii, TONydyuB cooOuieHne Brepéo,
TIEPEXOUT B PEKUM Yuém W TIPUCBaWBaeT CBoed mepemenHo#t Haiioeno = false.
Korma Bepmmua B pexume Yuém TmoOChUIaeT COOOIIEHHE THIA Ymun, OHa
MIPUCBAaMBaeT CBOeH mepeMeHHON Haiideno :=true. Korma BepmmHa moirydaet
coobmenne Hazao ¢ mapametpom Haiideno =true, OHa TPHCBAMBACT CBOEH
nepemeHHoit Haiioeno ;= true. Korpa Bepmmna mnocsutaer coobuienue Haszao,
napamerp Haiidoeno nenaercs paBHBIM 3HAUCHHIO IIepeMeHHOW Hatioeno, u
BEpLIMHA NEePEeXoaAnuT B pexuM Pabouuii. Korna npouenypa 3aBepiuaertcs, KOpeHb
TepeXoanT B peskuM Pabouuii. Ecin ipu aToM B KopHEe Hatioeno = true, To KOpeHb

HAYMHAET HOBYIO MPOLEAYPY CTOIOpa, CHOBA MEPEXOS B PEXXUM Yuém.
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Yreepknenue 1: Ecnu B Havase mponeaypsl CTomopa B rpade HeT COOOIIEeHU THITa
Ymun, n Bo Bpems mporexypsl KOpeHb HE TEHEPUPYET TaKUX COOOIICHUH, TO MPH
OKOHYaHHH TPOIEYPHI CTOTOpa B Kopue Hatideno = false.

[loxazatenncTBo: JIEWCTBUTENBHO, NPU STHUX YCIOBHSIX BO BpeMsl MPOIETYPHI
cToropa B rpade HE MOTYT BO3HHKHYTH COOONICHHS THIIA Ymun, MOCKOIBKY
HEKOPHEBBIC BEPIUMHBI HE I'€HEPUPYIOT TaKHe COOOIICHHMS, a TOJIBKO MEPEChUIAIOT
ux. [Toatomy B Kaxaoil Bepiiune nepemennas Haiideno = false B Teyenue Bceit
npoueaypsl CcTomopa. A Toraa B KOHIE NPOLEAYpPhl CTONOpa B KOpHE
Haiioeno = false, uto u TpeboBanoch g0Ka3aTs.

YrBepkaenue 2: Eciau npn  OKOHYaHWUM MOpOLEAYpPHl CTONOpa B KOpHE

Haitioeno = false, To B rpade Het cooOwienuit Tuna Ymun.

JlokazatenbeTBO: JlOMycTHM, 3TO HE TaK, M IPU OKOHYAHHHU MPOLEAYPHI CTOIOpa B
rpade Ha HEKOTOpOM pebpe a—b ecth coobuenne M; Tuna Ymun. IlockonbKy pu
OKOHYaHWH TIPOIEAYpHI cromopa B KopHe Hatideno = false, B xaxmoii Beprunne
taxoke Haiideno = false. CooOuienuss tuna Ymun He TEHEPUPYIOTCS BO BpEMS
nporenypsl crornopa. CienoBareiabHo, coodieHrne M; TOCIaHO K3 BEpIIUHBI @ 10
eé mepexofa B pexxuM Yuém u BcE emé HaXxoauTcs Ha pebpe, korma BepumHa b
BBIXOAUT M3 pexxuma Yuém. Ho BepiimHa b BbhIXOAMT M3 pexuma Yuém TONBKO
mocJie nonyueHus o pedbpy a—b coobienust M, tuna Brepéo wiu Hazad, a Takoe
COOOIIeHNE MTOCBIIAETCS TOJIBKO B pexknme Yuém. ChnemoBaTenbHo, M, mockuiaeTcst
u3 a noszxe M, a mpunumaercs B b panbiie, yero GpITh HE MOXET. MbI TIPHUIILTH K
MIPOTUBOPEYHIO, M YTBEPIKJICHUE JJOKA3aHO.

Ouenka. M = O(1). A= 0(logA). F = O(l0ogA) = 0nm_se [Ons]- T <dotDotl. N < 1.
E=0(1).

s onpeneneHust KOHIA paOOTHI alrOpUTMa 4, UCIIONIB3YIOIIEro COOOIIeHUs THIIa

Ymun, npouenypa cTomopa 3amyckaeTcs B IHKJIE OO TeX IOp, MOKa OHAa He
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3aBEPUIMTCS C MEpEMEHHON B KopHe Haitideno = false. TlosroMy B TOT MOMEHT
BpPEMEHH, KOT/ia B rpade peaqsHO MCYe3al0T COOOIIEHHS THIAa Ymun, yKe MOXKET
OBITH 3amyllieHa MpoIeaypa CTomopa, KoTopas Moxer aath Haitioeno = true. Ho
3aTO CJeAyomIas Mpoleaypa CTOMopa macT rapantupoBanHo Haiioeno = false.

Ioatomy Bpemst MoxeT yaBoutsbes: 7' < 2(dg+Dot1).

6.2. BbiCTpbIN cTONOP
[Ipouenypy crTomopa MOXHO peajln30BaTh Kak MOAM(PUKALUIO IPOLETyPbI

ObIcTpOro mocTpoeHus octoBa (mompasfen 5.5). BepiuinHa HaAXOTUTCS B pexuMe
Yyém ne Oomee 2 TaKTOB MEXAy IONyYe€HHEM MEPBOTO cooOmeHUs Bnepéo mn
MOCBUTKO# coobmenns Hazad: 3a >TH 2 TakTa MO KaXIOMY HWHIMICHTHOMY
BepmHe pedpy TpunT coobmieHue Bmnepéo wiu Ocmoe. B 1moxazaTenbcTBe

yTBepxkaeHus 2 coobuenne M, — 310 coobuienue Tuna Bnepéo nim Ocmos.

Ilocne BBRIMOTHEHWS TpOUEAYpHl OBICTPOTO CTOMOpa B Tpade MOTYT OCTATHCS
coobmenuss Hazad, MOCKONbKY OHHM PACCHUIAIOTCS MHOXKECTBCHHOW PAaCCHUIKOM.
Jis Toro 4roOBl ATH COOOIICHHS HE MEPemyThIBAIUCH ¢ coobmenusmu Hazad
CJIEYIONICH MPOIEIyphl OBICTPOrO CTOMOpa, OyaeM pa3eisaTh 3TH MPOLEAYPHl Ha
yéTHble W Heu€THhle. YETHOCTb MPOLENyphl SBJSETCS  JIOMOJHUTEIbHBIM
nmapameTpoM cooOmenuii Bnepéo n Hazao. Koraa BepmnHa IEpBBI pa3 moirydaeT
coobmenne Bnepéo, oHa 3amoMuHaeT 4ETHOCTD MPOLEAYPHl U Jajlee UTHOPUPYET
Bce NpuHUMaeMble coobmenns Hazad npenpinymeit uérHoctu. Korma Bepmrmaa
noceiaeT coodmenne Ha3ad, oHA TOMEIIAeT B HETO TEKYIIyI0 YETHOCTh, a cama
TOTOBa K MpUEMY cooOIIeHUs Bnepéd ciemyromeil 4€THOCTH, CUMTAsl €0 MEPBBIM
coobmienneM Bnepéo cnenyromiei npoueaypbl. BaxkHO OTMETUTB, 4TO HpoLEaypa
OBICTPOrO CTONOpAa HE 3aKAHYMBACTCSA, IMOKAa IO KAKAOMY pedpy B KaxIoMm
HANpaBJICHUU He MNPoHnET cooOuienue Bnepéo win Ocmoe. DTu COOOUICHHS

«ounmrarT» pédpa ot coobmenmnit Hazao npensiaymiei uétHocTH. [loaToMy Koraa
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3aKOHYUTCS TIPOIeypa ¢ JAHHOH 4YETHOCTHIO, B Tpade HE OCTaHeTCS COOOIEeHUMH
Ha3zao npenpiayiieid 4ETHOCTH.

Ouenka. M = O(DglogA). A = 0O(nlogA). F =0O(nlogA) = O [Onoe]- T < 2dg+1.
N < n. E = O(nDglogA).

6.3. OuncTka u bbicTpas ouncTKa
[Ipouenyps! cTonopa ¥ OBICTPOTO CTONOPA JIETKO MOAN(GHUINPOBATH B IPOLETYPHI

OYHUCTKH H OBICTPOM OYHCTKH, KOTOPHIE BMECTO TOTO, YTOOBI OMPEICISATh, €CTh JIU B
rpade cooOmmeHus] yKa3aHHOTO THIIA, YAAJSIOT BCe Takue cooOmieHus. BeprmHa
TmocJie Tiepexosia B PeXUM Yuém He TochlIaeT cooOmenuid tuna Ymun. Ilpasna,
€CJIN TIPUMEHSETCS Tpoueaypa OBICTPOH OYNCTKH, TO OHA HCIOJB3YET COOOIICHNUS
Kiacca « MHOKECTBEHHAs PaCCBUIKa», U 3TH €€ COOOIEHUS MOTYT OCTaThCs B Tpade

IIPY 3aBEPILIEHNU OYUCTKHU, XOTsI COOOIIEHNH Tua Ymun yxe He Oyzer.

7. [Hepeeo kpamyalwux nymeu

JlepeBo KpaT4almux ImyTel — 3TO TaKOW OCTOB Trpada, YTO PACCTOSHUE OT KOPHS JI0
nr000# BEPIIMHBI B OCTOBE U B rpade coBmanatot. Beicora aToro aepesa pasna dy,
YTO TIO3BOJISIET BIOCIEACTBUM HCIOJB30BaTh €ro JJIsl PACCBUIKM OT KOPHS [0
Ka)KJI0H BEpIIUHBI (€CITH OTMEYEHBI psAMbIe pEOpa, T.€. IePEBO MPSMOE) U 0OPATHO

(eciu oTMeueHbI 0OpaTHBIE PEOpa, T.€. JepeBO 00paTHOE) 3a BpeMs He Gonee 2dg.

7.1.MocTpoeHne obpaTHOro AepeBa KpaTyamwimx nyten

Jlist TOro 4ToObI MOCTPOUTH OOPATHOE AEPEBO KpaTUaMIIMX MyTeHd, MOIUPUITUPYEM
aJTOPUTM TOCTPOSHUS OCTOBA, ONMMCAHHBINA B moapasneine 5.1. Coobmenue Brnepéo
OyzneT HakalIMBaTh JUIMHY MPONICHHOTO WM MapIIpyTa B JIONOJHHUTEIHLHOM
napamerpe Juuna pasmepom O(logDg). HekopHeBas BepiiHa COXpaHSET B CBOEM

JOIOJIHUTENLHON TiepeMeHHol Paccmosnue pasmepom O(logDg) MunuMym wu3
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napameTpoB /J[nuna cooOumeHuii Bnepéd, TONydeHHBIX OSTOW BEpIIMHOW, a B
nepemerHoit ObpammnoePedpo HOMEp pedpa, 1Mo KOTOPOMY TOIYIeHO COOOIeHUE
Bnepéo c MuHuManbHBIM 3HAYCHUEM MapaMmeTpa Jnuna.

Kopenn mocwimaer coobmenne Bnepéd ¢ mapamerpoMm /[auna = 1. HekopHeBas
BEpIIMHA, TIOIy4WB cooOmeHne Bnepéd TmiepBbIii pa3, WHUIHAIAZAPYET
Paccemosinue = J[nuna, ObpamnoePebpo :=f, rne f — Homep pebpa, mo xoropomy
monydeHo coobmienune. CooOuieHne Brepéd mockuiaeTcs Janblie MO0  BCEM
WHIUICHTHBIM BeplnuHe pEOpam, kpome pebpa f, ¢ mapamerpom /Juuna,
yBenudeHHbIM Ha 1. [ToBropHOE cooluienre Bnepéd urHopupyercst TOJIbKO B TOM
ciywyae, korma Jlwwa > Paccmosnue. Ecmm  xe [nuna < Paccmosinue, TO
BBITIOJTHSIFOTCS TIpUCBauBaHust Paccmosinue = JJnuna u O6pamnoePe6po = f, rne f
— HoMep pebpa, mo KoTopoMy moiydeHo coobmenne. CooOmenune Brepéo
MOCBUTAETCS JalibIlie TI0 BCEM HHIMJICHTHBIM BepinuHe pébpam, kpome pebpa f, ¢
napaMeTpoMm J{nuxa, yBeIN4eHHbIM Ha 1.

Jis ompeneneHusl KOHIA TOCTPOCHHUS HCIOJIB3YETCS YHHBEPCAIbHBIH CTOMOp —
nporeaypa cronopa u3 paszeina 6 it tuna cooOienus Brepéo.

IMokasxkeM, uto yepe3 Uy TaKTOB B rpad)e He OCTaHETCs cooOIIeHUI Bnepéod, u Oynet
MMOCTPOCHO JIEPEBO KpaT4yalmx myTeid. J[eHCTBUTENBHO, MYyCTh PACCTOSHHE OT
KOpPHSA 0 BepIIMHEI paBHO . Toraa He Oojiee 4eM depe3 I' TAKTOB BEPIIHHA TTOTyIUT
cooOmieHne, Mporreamee oT KOPHA A0 3TOM BEPIIMHBI KpaTJalmui myTb. Tewm
caMbIM, TIOClie I TaKTOB BEpIIMHA TEPEeCTaHET IOChUIaTh coolIiieHne Bnepéo.
[Toatomy coobrenust Bnepéd wcuesnyt u3 rpada He mozxe ueM uepe3 Oy TaKTOB.
O4eBUIHO, YTO €CJIM B KaXIOW HEKOPHEBOM BEpIIMHE BHIOpATh B KadyeCTBE
obpaTHOrO pedpa Modoe MHIUJICHTHOE BEepLIMHE pedpo, Jexallee Ha KpaTdaiiem

OYyTHU OT KOPHA A0 BEPIIUHBI, TO MOJYYUTCH ACPEBO KpaT‘IaﬁIHHX HyTeﬁ.
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Orenka 6e3 yuéra cromnopa. [To cpaBHeHUIO ¢ anroputMoMm 5.1 pasmep cooOmeHust
u  mamaTd  apromara  yeenmuuBarorcs  Ha  O(logDg). M= O(logDy).
A = O(logDg+logA). F = O(logDg+l0gA) = Omn e [Onsw]. T < do. Bepumua moxer
HOJIYYHUTh HECKOJNBKO MOAPSAA COOOIICHUH Bnepéd co CTpOro yMEHbLIAIOIIHMMUCS
3HAUEHWsIMHU Tapamerpa Jmuma W Tepecnath WX majiblie. JUIs MepechuiaeMbIX

Janbie coobmennii Jruna < Dy. IToatomy N < Dy, E = O(DglogDy).

7.2.YcTaHOBKA CYETYMKOB BXOAALWMX OOpaTHLIX pédep

B mnogpasgene 5.3 cuérumkm BXOAAImIMX O0OpaTHBIX pPEOEp YCTaHABIMBAIUCH
OTHOBPEMEHHO C TIOCTPOCHHEM OOpaTHOTO OCTOBa W OMpENEIICeHHEM KOHIA
MOCTPOCHUS. 3/I€Ch MBI NMPUMEHUM aHAJOTHYHBIA QJITOPUTM, HO TOJIBKO IOCIE
OIpeJieJIeHUs] KOHIAa MOCTPOEHHsT 00paTHOro JepeBa KpaTdaimmx myteid. Bmecro
cooOmenuss Bnepéo xnacca «Paccbuika 0e3 TOBTOPEHUS»  HUCIOJIb3yeTCs
cooOwenne Bnepéol xnacca «Paccbuika NPOTHB OTMEUYEHHBIX pEOEp», TIe
OTMeUeHHOe pebpo — 23To pebpo oOpaTHOTO JepeBa KpaTYaMIuX ITyTeH.
Coobmenne Bnepéol otnuvaercs oT cooOmeHuss Bnepéd He TOIBKO CBOWM
KJIACCOM, T.€. CHOCOOOM pacCBUIKH, HO TaKke TeM, YTO He MPOHCXOIUT
MHHUNHAIA3AIUN iepeMeHHo ObpamuoePebpo, TIOCKOIBKY OHA YK€ yCTaHOBJICHA
IPY NOCTPOEHHH JiepeBa KpaTuaimmx myteid. CooTBeTCTBEHHO, coobuienne Hazao
c0371aéTCsl ¥ MOChIIAETCS MO BBIXOJISIEMY 00paTHOMY pedpy Torna, Koraa BepiinHa
MOJYYHUT MO KAXKJIOMY HWHIMICHTHOMY eil peOpy cooOrienue Bnepédl (Bmecto

Bnepéo) nnm cooOienue Hazao.

Ouenka 6e3 yuéra moctpoenus nepesa kpardaimux myreil. M = O(1). A = O(logA).
F = O(logA) = 0nmse [Onse)- T < 2do+1. N < 1. E = O(1).

MoOXHO COBMECTHTh YCTaHOBKY CUYETYHMKOB C TMPOLEAYpOH cTomopa s

ONpeNieNieHUs] KOHLA IOCTPOEHHUs JAepeBa Kpardaimux mnyrteill. IlepenMenyem
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coobmicaus Bnepéo B cromope Ha Bnepéo?2. TlepBoe coobuienue Bnepéo?,
MPUXOJIIee B BEPIINHY, HWHUIMHPYET cOpOCc CUETYNKA B HONb M MOCBUIKY
coobmieHnss Ocmoeé 10 TEKyIIeMy BBIXOsIIeMy oOpatHomy pebpy. [lomydast
coobmienne Ocmoe, BepmMHA yBenwuuBaeT cuértynk Ha 1. Ecnmu odepemnas
mpolielypa CTOIoOpa He OOHAapYyXKHUBAaeT cooOuieHud Bnepéo, To cu€ruuku OymyT
YCTaHOBJICHBI MPAaBWIBHO. OTO JaéT CyMMapHYIO OIICGHKY BEpXHEW TIpaHHIIBI
BPEMEHHU TIOCTPOCHHUS JIepeBa KpaT4alIUX MyTeH C yCTAHOBKOM CYETYUKOB HE

d0+2(d0+D0+1)+2d0+1 = 5d0+2D0+3, a d0+2(d0+D0+1) = 3d0+2D0+1.

7.3. OTMeTKa NpsiMbIX pedep

Iocne ompenenceHUs KOHIA MOCTPOCHHUs OOpPAaTHOTO AepeBa Kpardailmx myTeit
MOXHO IIOCTPOMTh U MPSMON OCTOB, T.€. OTMETUTh pEOpa OCTOBa B JIPYruUX HX
KOHI[AX. JTO MOXXHO COBMECTHUTb C YCTAHOBKOW CYETUHMKOB BXOJSIINX OOpATHBIX
pébep. AnropuTM aHaJNOTHYEH ONHMCaHHOMY B moapaszene 5.4. IlepemenHas
IlxanaPébep — MTHUIUATU3UPYETCS HYIIMHU TIPH TIOJIYICHUN cooOteHus Bnepéol
0 BBIXO/AIIEMY 00paTHOMY peOpy (B KOpHE ¢ caMoro Havana). [Ipu moiaydeHnu no
pebpy i coobuienust Hazao B i-biit OUT mIKaisl 3anuceBaeTcs 1.

Ouenka 0e3 yuéra mOCTpOeHWsI [HepeBa KpaTdadmux mytei. M = O(1),
A =0(logA+A), F = O(logA+A) = Ominoses [Onose]- T < 2dg+1. N < 1. E = O(1).
MOXHO COBMECTUTH OTMETKY HpsIMBIX pE&Oep C mpoueaypod cromopa s
ofpeiesIeHusI KOHLIA TOCTPOCHUSI JiepeBa KpaTyaiiux MyTeil aHaJOrH4HO TOMY, KaK
9TO Aemaercs B moppaszaene /.2. Ilomydas cooOmenne Ocmog 1O HEKOTOPOMY

pedpy, BepImnHa 0TMeYaeT 3T0 pedpo B mKaje pédep.

8. Hymepauyus epagha
B »TOM pasmene MBI NPEmIOKAM HECKOJBKO aJITOPUTMOB HyMeparuu Tpada.

Bepmmaa  wMmeer  ONOJMHHUTENBHYIO — IepeMeHHylo  Howmep,  KoTopas
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MHULNHAAIA3UPYETCsT B Tpolenype HyMmepamuu rpada. BepmmHsl MOXHO
MIPOHYMEPOBATh MPOHM3BOJIHHBIMI YHHUKAJHHBIMH HACHTHU(PHKATOpAaMH, HAIpUMeED,
BeKTopam# BepiuH. OTHAKO OTMETHM, YTO MUHHMAaJbHAs NaMATh, TpeOyeMas Ui
XpaHeHHs WICHTU(UKATOPAM BEPIIWHBI, MONy9YaeTCs TOTAA, KOTJa BEPIIMHEI

npoHyMepoBaHbl yuciamu ot 0 1o n-1.

8.1. Hymepauusa BekTopamm

Ecimn Ha Hymepammrio rpada HajmaraeTcs CAMHCTBCHHOC OTPAHHYCHHE: PAa3HBIC
BEPIIMHBI MMEIOT Pa3HbIC HOMEpa, — TO B KA4eCTBE HOMEpA BEPIIMHBI MOXKHO
UCIOJIb30BaTh BEKTOpa BepuiuH. [Iponeaypa Hymepalus BEKTOPAMHU SBISCTCS
MoJM(UKaIKeH Mpoueaypsl HOCTPOSHHSI 0OPaTHOTO OCTOBA C ONPEACICHHEM KOHIIA
noctpoenus (noapaszen 5.2). CooOruenre Brepéd suimonusercs ¢ f-nakormnennem
u moaTomy umeet pasmep He O(1) kak B noapaszaene 5.2, a O(DglogA). Korna takoe
coobuieHre nmepBblit pa3 (mepemenHas bouio = false) monagaer B Bepuinny, f-Bextop
ITyTH 3alIOMUHACTCS B IEPEMEHHOI HoMmep BEpIINHEL.

Ouenka. M =0(DglogA), A=0(DglogA). F=0(DologA) = 0Omse [Onswl
T< d0+D0+1. N<1l.E= O(DologA)

Momuduramnus 1. Ecin npeaBaputeasHO TOCTPOEH 0OpaTHBIM OCTOB ¢ yCTaHOBKOM
CYETUYMKOB BXOJAIIMX OOpPAaTHBIX pEOEpP W OTMETKOH MpsAMBIX pEOEp, TO MOMKHO
NPE/UIOKUTH JPYTOH aJrOpuT™M HyMEpaluu BeKTopamu. Vcronb3yroTes cooOieHus
Bnepéo xnacca «Pacchika 1o oTMedeHHBIM pébpam» ¢ f-HakomieHHeM pazmepom
O(DologA), rme ormeudeHHBIMH pPEOPAMHU CUMTAIOTCS IpsAMBIE pEOpa OCTOBA, W
COOOIIeHNE YHUUTOXKAETCS B JIUCTE 0CTOBA, U coobmienne Hazaod xnacca «Coop 1o
obpaTHOMY JiepeBy», rie YucioPébep MOHUMAETCS KaK YUCI0 BXOSIIUX 00paTHBIX
pébep. Bepiuna, monydas cooOiuenve Bnepéo, 3anomunaer f-Bekrop myru Kak

CBOI1 BCKTOP BCPLIUHBI. JIuctoBas BEpHIKMHA OCTOBa, KpOME€ OTOrO, CcO31aET
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coobmenne Hazao 6e3 MOTONHATEIHHBIX MmapamMeTpoB. [Iporenypa 3akaHIMBaeTCS,
Korma B KopHe craHoBUTCS CuémuuxPébep =0, mocie 4ero i JalbHEHIIero
ucrnonb3oBanuss CuémuuxPébep .= YucroPébep. Coobmenne Bnepéd mnpoxoaut
MyTh OT KOPHS IO JINCTAa OCTOBa JIJIMHOW He Oonee Dy, mocne dero cooOmieHue
Ha3zao npoxoauT NocT(UKC 3TOro MyTH B 00paTHOM HarpaBICHUH.

Ouenka 0e3 yu€ra pecypcoB Ui IPEABAPUTEIHLHOTO IIOCTPOCHUS OCTOBA.
M = O(DglogA). A = O(DglogA). F = O(DglogA) = Omnse [Onse]. T<2Dg, a ecinu
OCTOB — 3TO AepeBo Kpardaimux mytei, To T < 2dg. N < 1. E = O(DglogA).
Momuduramus 2: AITOpUTM MOTUPHUKAIIUH 1 MOKHO NMPUMEHHTh W TOT/A, KOTIa
MIPEeIBAPUTENLHO MTOCTPOCH OOpATHBIH OCTOB C YCTAHOBKOW CYETYMKOB BXOJSIINX
oOpaTHeIX pEOep, HO 0e3 OoTMeTKH npsAMbIX pédep. st 3TOro QOCTaTOYHO
UCIONIb30BaTh coobuieHne Bnepéo c f-nakorenumem He kimacca «PacchUika 1o
OTMEYEHHBIM pEOpamy», a Kiacca «Pacchuika MPOTUB OTMEUEHHBIX pEOEp», Iie Mo
OTMEUYEHHBIMH PEOpaMu IIOHUMarOTCs pEOpa 0OpaTHOTO OCTOBA.

ITockonBKY YCTaHOBJICHBI CUETYMKK BXOIAMIMX OOpaTHBIX pEOEp, BeplInHA
«3HaeT», YTO SBISCTCS JIMCTOM, CCIIM B HEll CUETYMK paBEH HYJIO, M B OTOM CIy4ae
He TIochuTaeT coodmienne Bnepéo nanpie. [loaTomy coobrienne Brepéo npoxoaut
MyTh OT KOPHS JI0 JUCTa OCcTOBa JnuHOW He Oosiee Dy. Ilocme atoro coobmieHue
Ha3zaod nipoxoanT MOCcT(HUKC ITOTO IIyTH B 00paTHOM HAIIPaBIICHHH.

Onenka 06e3 yu€Ta pecypcoB ISl MPEIBAPUTEIHHOTO IIOCTPOCHHS OCTOBA.
M = O(DyplogA). A = O(DologA). F =0O(DologA) = Opmsw [Onse]: T<2Dg, a eciu

OCTOB — 3TO JAepeBo Kpardaiiimx myteit, To T < 2dp. N < 1. E = O(DglogA).

8.2. BbicTpasa HyMepauusa BeKTopamu

[Ipouenypy Hymepamuu BEKTOpPAaMH MOXKHO IOCTPOMTh KaK MOJU(HUKALUIO

MIPOLIEAYPHI OBICTPOTrO MOCTPOESHHUS 0CTOBA (Toapaszen 5.5).
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Ouenka. M = O(DglogA). A =0(nlogA). F =0(nlogA) = 0me [Onse]. T < 2dp+1.
N < n. E = O(nDglogA).

8.3. Hymepauus no anroputmy Tappu

Hus Toro utoObl mpoHymepoBaTh rpad umcimamu ot 0 mo n-1, MoxHO
BOCIIOJIL30BaTbCS ~ XOPONIO ~ M3BECTHBIM  alroputMoM  Tappum  00xoxa
HeopueHtupoBanHoro rpada [14]. CooOiienue o06xomuT rpad, IPOXOAS IO
KaxaoMy pedpy poBHO 2 pasa. bomee cTporo, 31ech HCHONB3YIOTCS COOOIICHHS
TpEX TUNIOB: Bnepéo xnacca «Pacchlika 6e3 MOBTOPEHUS» TPH MEPEChUTKE MO eme
He TIpolineHHBIM p&opam, OmkamlIloXopode xnacca «OnUHOYHAS TIepenaday IMpH
BO3BpAalllcHUU TO Xopae octoBa, U Hazad kinacca «Paccbuika MO OTMEYCHHBIM
péOpamy», T OTMEUEHHOE pedpo — 3TO BBIXOJSAIIECEe 00paTHOE pedpo, U COOOIICHHE

YHHUUYTOXAETCS cpa3y Hoclie mpoxoja 3toro peopa. Cm. Puc. 4.
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I'pad (xopens o6o3Hauen *)
1
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1* 2 Bnepéo OmxamlIloXopoe Haszao
3 d . . 4
OcCHOBHOIi anropuT™m. 2 5 7 1
P&0pa npoHyMepOoBaHbI 10
B IIOpsaKe 00Xoxa. 1 ; 9 12
4
Moanduxanus 1 * ° 1
(Hem wixanvl pébep). 7
. 10
Pébpa nporyMepoBaHbI 13 16 12
B mopsiaxe 06xo/a.
Momuduxamust 2 9 7 10
. W 1
(onpoc péop). 6 9 4 ﬁﬁl
P&0pa npoHyMepOoBaHbI v 16
B HOpSIKE 06X07a. 3N 13 N1 2% )7 12
Mondukamns 3 Bonpocu Omeemul
(ocmoe nocmpoen sapanee). 5 Tlpy onTHMI3aLIH HET

P&6pa npoHyMepoBaHEI
B mopsiaxe 006xofa.
Benbv BbIICICH
NpsIMOI OCTOB

6
coobmenuii 14 u 15. ;}'
2\¢' 8

Puc. 4. Hymepayus epagpa no aneopummy Tappu.
Fig. 4. Numbering of the graph by the Terry algorithm.

JononuurenbHbie nepeMeHubie BepiinHbl: MotiHomep paszmepom O(logn), Pebpo
pasmepom O(logA), B koTOpOWl XpaHHTCS HOMep pedpa, M0 KOTOPOMY MOCHCIHHUI
pa3 U3 BEPIIMHBI IIOCHLIANOCH cooliennue Bnepéo, u LllxaraPébep pasmepom O(A),
B KOTOpPOW OTMEUAIOTCS NPOHICHHBIE pEOpa: Kak NpPU IOCBUIKE, TaK H IPHU
TIOJIY9ICHHH TI0 pedpy cooOlteHust Bnepéo.

[epemennsie Pedopo n LllkaraPébep MHULIMATH3UPYIOTCS HYJSIMHA: B KOPDHE — B
Havaje paboOTB, a B HEKOPHEBOM BepIIMHE — TMPH TONYyYCHHH MEepBOTO
(Bouino = false) coobuienuss Bnepéo. 3ateM HEKOpHEBas BEPIIMHA IOIOJHUTEILHO
npucsauBaer: ObpamnoePebpo :=f, tne f — pebpo, 1m0 KOTOpPOMY IIOIyYEHO
coobienue Bnepéo, IlxanaPéoep(f):=1. Ecmu Bce péOpa, HHIMICHTHBIC

HEKOPHEBOM BEpIINHE, NPOWICHBI, YTO MIPOBEPsieTCs 1o nepeMmenHoi [llkaraPébep,
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TO TochlIaercs coodmenue Hazad mo BeIxoasmemMy obpatHomy pebpy. Ecim Bce
p€Opa mpolineHsl B KOpHE, 00x0o1 3akoHdYeH. Eciu He Bce péOpa, MHIIUIACHTHBIE
BEpIIMHE, MPOWIEHBI, TO TOCHUTAECTCSA cooOmeHue Bnepéo (¢ MCTONB30BAaHHUEM
CIIEIUAIGHOTO KPHUTEpHs) MO OJHOMY pedpy — cienyromemy mocie Pebpo
Henpoiinennomy pebpy f. Pebpo :=f u I[lxanaPébep(f) := 1. Korma BeprinHa
mony4yaer cooOmieHue Bnepéd mnostopHO (bbiio =1true), To 3TO cooOIIECHUE
MIPUXOJUT 110 XopJe. BepuinHa orMeuaer 3Ty Xopay B nepeMeHHol [lkaraPébep n
B 00paTHOM HamnpaBlIEHWW TIO0 XOpjae Mochkuiaer coobmenne OmxamlloXopoe.
Korma Bepmmua momydaer coobmenne Hazao wim OmxamlIloXopoe, ona
MIPOBEpsIeT HEMPOMIEHHOCTh pEOep M, eciny Hy)KHO, TOChIIaeT coobmenne Hazad
unu Bnepéo kax onucaHo BIIIE.

[ Hymeparuu BepIIMH JTOCTaTOYHO, YTOOBI COOOIIEHNE KaXKIOTO M3 ATHX TPEX
THIIOB cojepxaio mapamerp Homep pasmepa O(logn), koTopsiii J0KEH OBITH
MPUCBOCH OuepeqHOlN BeprimHe. Hymepanus HauWHAeTCs C TOTO, YTO KOPEHb
npucBauBaeT cebe MouHomep = 0, u noceuiaet coodienue Bnepéd ¢ napamerpom
Homep = 1. Korna HekopHEBasi BepILIMHA M0JTy4aeT cooliieHne Brepéo nepsoiii pas
(Buuio = false), ona monmywaet cBoit HoMep u3 coobuieHust Bnepéo: MotiHomep =
Howmep, a Homep + 1 cTaHOBUTCA HapaMeTpoOM IOCBIIAEMOTr0 Iajieeé COOOLICHHUS
Bnepéo vmm Hazao. B ocranbHbIX ciydasx napamerp Homep W3 TNPHUHATOIO
coo0meHns 6e3 N3MEHEHHS MIEPEMICHIBACTCS B TIOCKIIIAEMOE COOOIICHNE.

Ouenka. M =0O(logn). A =0(logn+A). F =0(logn+A) = Ommse [Onse]. T <2m.
N < 1, mockonbKky anroputm nocienosarenbhsiii. E = O(logn).

Momudukarms 1. MOXHO COKpaTHUTh pasMep aBToMara 3a CYET YBEIUUCHUS
BpeMeHHU padoThl. JlocTaTOYHO MPOCTO OTKAa3aThCs OT LIKaibl pébep: Homep pebpa,

0 KOTOPOMY TOCHIIaeTCs cooOmienue Bnepéd, — 3To criepyromuii HoMep Iocie
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Pebpo, otmuunbiit ot ObpammnoePedpo. Tlo xopme octoBa cooOmieHwmst OymyT
MIPOXOIUTH TENeph He 2, a 4 paza: M3 KaKJ0Tro KOHIIAa XOPABI Ty1a M 00paTHo.
Ouenka. M =0(logn), A=0(lognA), F=0(lognA) = 0Om.. [0n,c]. Bpems
YBEJIMYUTCSI HAa YJBOCHHOE YMCII0 XopA octoBa: T <4m-2n+2. N < 1. E = O(logn).
Momudukamms 2. MoxHO, HA000POT, YMCHBIIUTH BpeMs pPabOTHl AITOPHTMA,
coxpaHss 1mkainy pédep u pazmep asromara O(logn+A). st 5Toro KopeHb BHAYAIE,
a Jpyras BepIIMHA TPH TOJyYEeHUU COOOIICHUs Bnepéo BBITIOTHSAET OMPOC
HWHIUICHTHBIX pE0ep, YTOObI YCTAaHOBHUTD, KAKME U3 HUX SBIISIOTCS XOpJaMH OCTOBA.
He cunTas ompocoB, BBINONHATBCS OyaeT oOXox ocToBa, a He Bcero rpaga. B
KaXyl0 HEKOPHEBYIO BEpPUIMHY NPUIET POBHO OHO cooduieHue Bnepéo.
[epemennas LlkaraPébep xpanut «0» Juid NPSMBIX BBIXOIAIMX pEdep U (1o
ompoca) HeornpoureHHbIX pébep. C camoro Havana B kopHe [[/karaPébep Hynenasi.
Omnpoc pacrapajulenuBaeTcsi, UCTONbL3ysl coobueHus: Bonpoc m Omeem xinacca
«Bompoc/OtBer». Bompoc mocbkitaeTcss 1o  BceM  péOpam, Uil KOTOPBIX
UlIkanaPébep comepxutr «0». Omeem conepkut OyleBCkuil mapameTp Xopoa,
MIOKa3bIBAIOIINH, SBIIETCS JU pedpo Xopaod ocroBa win HeT. IlycTs BepmmHa
nojyuaet Bonpoc 1o pe6py X. Eciu buiio = false, To Bepmmna mocsizaer Omeem c
napamerpoM Xopoa = false u ycranasnusaer bwuio = true, ObpamnoePebpo = X,
IIxanaPébep wHUDMATU3UpYyeTCS HyJIssMu, a motoM IlxanaPébep(x) = 1. B
MPOTHBHOM CIlydae BepIIMHA IochutaeT Omeem c mapameTpoM Xopoda = true.
Bepmmna, mosydaronmias mo pebpy Y cooOmieHne Omeem ¢ TapaMmeTpoMm
Xopoa = true, ycranaBmuBaeT [lxanaPé6ep(y) :=1. CooOGuwenue Bnepéo
MOCBUIAETCS MOCIIE MOTY4YeHHs cooOLIeHnit Omeem Ha Bce NMOCIAaHHbBIE COOOIIEHHS
Bonpoc. CooOmienne Bnepéd Teneps oOTHOCHTCS K Kiaccy «Pacceika 1o
OTMEYEHHBIM p&Opam»: OHO TOCHIIAETCS TOJNBKO IO BEIXOJAIIAM TPSMBIM péOpam,

HO, KaK U TPEXkJIE, TOIBKO 10 0OHOMY peldpy — ciemyromemMy mnocie Pedopo.
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ITapametp Homep mMmeeTcs B KaKIOM cooOmeHuu. [Ipy MmosrydeHun cOoOOIIeHHS
Bnepéo MoiitHomep = Homep, a mapamerp Homep B TIOCBUIaEMOM COOOIICHUH
yBenuuuBaercss Ha 1. B ocTanbHbIX ciydasix mapamerp Homep W3 TPUHATOTO
coo0mIeHns 6e3 N3MEHEHUS TIEPEITMChIBACTCS B ITOCHIIIAEMOE COOOIIECHHE.

Ouenka. M = O(logn). A =0(logn+A). F=0(logn+A) = Omnse [Onswe]. O6xon
OCTOBa 3aHMMAacT BpeMs He Oosee 2(N-1), a B Kakaoil U3 N BepmH ompoc péodep
3aHuMaeT He Oonee 2 taktoB. T <4n-2. N < 1. E = O(logn).

Ontummzanums. Kornma BepmwHa MepBBIM pa3 TodydaeT coodmieHue Bompoc 1o
pebpy X, OHa OoTMeYaeT 3T0 pebpo Kak xopay: [lxkaraPébep(X) ;= 1. Dra BepuMHa
He OynmeT onparmmBaTh 3To pedpo. B Hauxynmem cirydae Bpems T He YMEHBIIUTCS, a
B 0011eM citydae onpoc pébep aenaroT He Bee, a K = 1..n Bepumn, u T = 2n+2Kk-2.
Momuduramus 3. Eciu npeaBapuTeasHO TOCTPOEH 0OpaTHBIM OCTOB ¢ YCTAHOBKOM
CYETUYMKOB BXOJSIIUX OOpPATHBIX pEOCP M OTMETKOW MPSIMBIX PEOEp, TO HyMEpaIuio
CCTECTBEHHO Jenath 00X0J0M He rpada, a ocropa. Mcmoyib3yroTcs coOOIIeHHE
Bnepéo xnacca «Pacchiika 1O OTMEYEHHBIM p&0pam», KOTOpoe, Kak U B
MoaupUKAIMK 2, TOCBUIACTCA 10 OJHOMY BBIXOJAIIEMY NPSIMOMY peoOpy, H
coobmenne Hazao xnacca «Pacchuika mo oTMeUeHHBIM pEOpaM» TPH BO3BpAIICHUH
0 BEIXOIAIIEMY oOpaTHOMY pebpy. O0a cooOmeHHs WMEIOT IOTIONHUTEIHHBIH
napameTp Homep, a BepIInHA UMEET HONOTHUTENBHYIO TepeMeHHYI0 Pebpo.
Ouenka 6e3 yuéra mnpeaBapuTelabHOro mocrpoerus ocrtosa. M = O(logn).

A = O(logn+logA). F = O(lognA) = Opse [0nssw]- T <2(n-1). N < 1. E = O(logn).
8.4. Hymepauus yepes KOpeHb

MoXHO cokpatuTh BpeMsi HyMmepauuu uyuciaamMa or 0 mo n-1 3a cuér

pacrnapaicinBaHrs TaK K€, KaK B CJIy4dac HYMEpalluhd BCEKTOpPaMH. I[J'ISI 9TOI0
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TPUMEHSACTCS. MOANU(UKAINS TPOIEAYPHl TOCTPOCHUSI OOpPaTHOTO OCTOBa C
oIpezieJIeHHeM KOHI[a ocTpoerus (cM. Puc. 5).

JlobaBnstorcst aBa  HOBBIX cooOmienus: JlaiHomep wnacca «Pacchuika 1o
OTMEYEHHBIM pEOpam» ¢ r-nakomienuem pasmepom O(DglogA), rae oTMedeHHBIMH
pEOpaMu CUMTAKOTCS BBIXOASAIINE 0OpaTHBIE pEOpa, W COOOLIEHHE YHUUTOKAETCS,
KOrjia JOXOAUT 10 KopHs, u BepuHomep xnacca «Ilepecbuika 10 3aOMHEHHOMY
MapupyTy» ¢ JUIMHOM Mapuipyra He Gosiee Dy M JOMONHUTENBHEIM MapaMeTpoOM
Homep pasmepom O(logn). B BepiuuHe UMEIOTCS NONOJHHUTENLHBIE TIEPEMEHHBIE
MoiiHomep pasmepom O(logn) u Gynesckuii IlpusnaxHymepayuu, a B KOpHE —

nepemennas TexyuuiiHomep pazmepom O(logn).

¢ < <

*
CoobeHus Bnepéo. Coobwenus JaitHomep. CooO1eHus Coobuenus Hazao.
ITynxTHpoM mokaszaHbl O6partHble pédpa Oeible. bepuHomep.  Obparubie p&Gpa Gembie.
COOOIIIEHNS, TOBTOPHO
MIPUXOJALINE B BEPUIMHY.

Momuduxauusi 1 (ocmos nocmpoen 3apanee)

A 4

*
CooGuieHust Bnepéo. CooGwenus JaitHomep. Coobuenns  Coobuiennst Hazao.
Ipsimble pédpa Gerble. O6patHble p&bpa Oeble. BepuHomep.  OGparnsie pé6pa Genble.

Puc. 5. Hymepayus uepe3s xopeHb.
Fig. 5. Numbering through the root.

Pabora HaumHaeTrcs c TOro, 4ro KOpeHb npucBamBaeT cebe Homep 0, T.e.
MoiiHomep = 0, wHuMnManmm3upyer nepeMmeHHsle [lpusnaxHymepayuu :=1true wu
TexywuriHomep := 0, co3ma€r cooOmenne Bnepéd WM TOCBIIACT €ro IO BCEM

MHIMJCHTHBIM KOPHIO p&Opam.
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Korma Bepmmna V nepBeiii pa3 (mepemennas bouio = false) mosiydaer coobumienune
Bnepéo, vannnanusupyercs nepemennas [pusnaxHymepayuu ;= false u cosmaéres
coobmienne JaitHomep. D10 cOOOIIEHNE ABUTACTCS 110 OOPATHOMY IYTH JI0 KOPHS
C HaKOIJICHWEM [I-BekTopa NyTH. KOopeHb moiydaeT M3 MPHUHATOTO COOOIICHHS
JaitHomep r-Bektop <ry,...I> mpoiineHHOro coobmeHneM myTH. OYeBHIHO,
obpaTHasi MOCNEAOBATEIILHOCT <fy,...l1> — 310 f-BekTOp myTH OT KOpHS 10
BepumHbl V.  Ilomywast coobmenue JaitHomep, KOpeHb  yBEIMYHMBAET
TexywuiiHomep Ha 1 m co3maér coobmenne bepuHomep xiiacca «mepechbuika 1o
3a[IOMHEHHOMY MapIIpyTy», B KOTOPOM 3allOMHEHHBIH MapiipyT — 3To f-BekTop
<I,...l'1> IMyTH OT KOPHA O BEPIIUHEI V, U €CTh JTOTOJHUTEIBHBIN Tapametp Homep
pasmepom O(logn), KOTOpHIK yCTaHABIMBAETCS DPAaBHBIM 3HAYEHHIO MEPEMEHHOMN
TexywutiHomep. Korma coobuienne bepuHomep npoinéT 3alOMHEHHBIA B HEM
MyTh, KOHEYHAsl BEpIIMHA 3TOTO MYTH, T.C. BEPIIMHA V, 3alIOMHHACT 3HAYCHUC
napametpa Homep B nepemenHoit MotiHowmep.

Tarke wu3MeHsiercs ycinoBue co3naHus cooOmwenus Hazad: NONOIHATEIHHO
TpeOyeTcs, 4TOOBI BEpIIMHA ObUIA YK€ MNPOHyMEpOBaHA. ODTO O3HAYAET, YTO
coobuienne Hazad cosmaérest mubo 1) mpu mosiydeHun coobuieHust Bnepéo wn
Hazao, xorma CuémuyuxPébep CcTaHOBUTCS paBeH HYJIIO, a BEpIIMHA YKe
npoHyMepoBaHa, T.e. [lpusnaxHymepayuu = true, mu6o 2) B MOMEHT HyMeparuu
Bepiunsl ([TpusnaxHymepayuu ‘= true) nipu monyuernu coobuienus bepuHomep,
MpeIHa3HaYeHHOTO 3TOM BepInuHe (B cooOmieHHn f-BeKTOp HyJIEBO# JIHMHBI), €CITH
CuémuuxPébep = 0. B o0oux cny4asx mocie co3fganus cooOuienus Hazao
CuémuuxPébep = YucroPébep Ui nampbHEWIIEro ucnojibp3oBanus. Korma B kopHe
nepemenHas CuémuuxPébep cTaneT paBHOI HyIII0, HyMepalys 3aKOHUEHa.
Cooomenue JaitHomep co3naéres, korna cooOuieHne Bnepéo npoxoauT myTh OT

KOpHS 10 BCPUIMHBI V 32 BpEMs HE Ooiee do, n caMO HOpoXOoAUuT STOT IMYTh B
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0o0paTHOM HampaBlICHUH OT BEPINIUHBI V IO KOpHsA 3a Bpems He Oonee Dy, mocie
yero coobmienne bepuHomep TPOXOAWUT ATOT MyTh B IPSIMOM HANpaBICHUH OT
KOpHsI IO BEpIIHMHBI V 32 BpeMs He Oosee Dy, a mocie atoro coobmenne Hazao
JIBUTAETCS [0 TOMY K€ ITyTH OT BEPIINHEI V B CTOPOHY KOPHSI 3a BpeMs He Ooiee Dy.
Tem cambiM, BpeMs T < dg+3D, npu ycinoBuu Dy > 0. Eciiu Dy =0, T0 B CBS3HOM
rpade TONBKO OJHA BEpIIMHA, a Bce p&bpa — mernu. B sTtom cimydae Tpebyetcs
BpeMS ISt IPOXOXKICHUS TIeTenb: 1 = 1.

Coobmenust JaitHomep OT BceX BEpIIMH, KpoMe KOpHS, T.€. OT N-1 BepiimHBI,
MOTYT OKa3zaThCsl Ha OgHOM pebpe (a morom cooOmenust bepuHomep s Bcex
BEPIIHH, KPOME KOPHsI, MOTYT OKa3aThCsl Ha OJTHOM peldpe).

Ouenka. M = O(DglogA+logn). A =O(logA+logn). F = O(DglogA+logn) = Op e
[0n-e]- T < max{do+3Dg,1}. N < max{n-1,1}. E = O(n(DylogA+logn)).
Momudukarmms 1. Dta MoguduKanus MPUMEHSIETCS TOTJA, KOT/a YK€ MOCTPOSH
00OpaTHBIN OCTOB C YCTAHOBKOW CYETYMKOB BXOJISAIIUX OOpPATHBIX PEOEP U OTMETKOM
npsMeix  pédep. CoobOmenne Bnepéd Ttenepsr OyaeT OTHOCHTBCS K Kiaccy
«Paccpika 1O OTMEUEHHBIM pEOpam», TIe OTMEUEHHBIE pEéOpa — 3TO TMPSMBIC
BeIxomsme pédpa. Coobmenne Hazad Teneps OyaeT OTHOCUTHCSA K kiaccy «Coop
mo oOpaTHOMY JAepeBy», rne YucroPébep TOHMMAeTcs KaK YHCIO BXOISIIINX
o0paTHBIX pEdep.

B Hagasie kopeHb co3a€T U pacChUIaeT MO BBIXOASIINM M3 KOPHS MPSAMBIM pEOpam
cooOwenne Bnepéo. Coobwmenns JaiHomep v bepuHomep Takue xe, Kak B
OINKCAaHHOM BBIIIE aNropuT™Me. HekopHeBasi BepIIMHA MONIYYUT cooOuicHue Bnepéo
OJMH pa3 u cosxact coobuienue JaiuHomep. JJonoaHuTensHOE yCIOBHE MOCBUIKH
coobmenns Hazad Takoe xe: BepPIINHA JOJDKHA OBITH YXKe MPOHYMEPOBAHHOM.
IIpouenypa 3akaHuMBaeTCs, KOrJa B KOpHe ctaHOBHUTCS CuémuuxPébep = 0, mocne
yero CuémuuxPébep = YucnoPébep s nanbHEHIIEro WCroib3oBanus. Ecmu
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n=1, ¢ camoro Hawama B KopHe CuémuuxPébep =0, MOITOMY COOOIIECHUS HE

MOCBUTAIOTCS | TPOLEAYPa 3aKaHIMBACTCSI OCIIE IPUCBOCHHS KOPHIO HOMepa 0.
Ouenka 6e3 y4éra mpeaBapUTeNbHOrO mocTpoeHus ocroBa. M = O(DglogA+logn).
A = O(logA+logn). F = O(DologA+logn) = 0y_se [One]. T < 4D, @ eciti 0CTOB — 3TO

JepeBo kpardaimmx nyTei, To T < 4dy. N < n-1. E = O(n(DglogA+logn)).

8.5. bbicTpas HyMmepauusa BepLUUH Yepes KOpeHb

MOXHO YMEHBIIIHTh BpeMsi HyMepaluH depe3 KOpeHs, MeHsst B ornenke Dy Ha do,
€CII MIPUMEHATh MOIU(DHUKAIMIO OBICTPOro MOCTPOEHHs ocToBa (moapasmen 5.5).
Coobmenust JaitHomep n BepuHomep oTHOCATCS K Kiaccy «MHOXECTBEHHAs
paccbuikay, kak u coobmenue Hazao. Coobmienue JaiuHomep co3naéres, Kak u
paHbllle, KOrja BEpLIMHA TEpBBI pa3 moiy4aeT coobuienue Bnepéd, m umeer
TOJIKO Oa30BbIE Mapamerpsl cBoero kiacca. Coobmenne bepuHomep co3paéres,
Kak M paHblle, KOTAa KOpeHb noiyuut coobOmenue JaitHomep, w wMeer
JIOTIONTHUTEIBHEIN apameTp Homep. ViMeeTcs TOTOHATENFHOE YCIIOBHE CO3IAHHS
coobmenns Ha3zao: Tpebyercs, 9To0BI BepIInHA OblIa y)ke IPOHYMEpPOBaHa.
Ouenka. M = O(DglogA+logn). A = O(nlogA+logn). F = O(nlogA+logn) = 0Om_
[Onoa]- T <4dg+1. N <n. E = O(n(DylogA+logn)).

8.6. BbicTpasi Hymepauus BepLUUH He Yepe3 KOpeHb

Mo3HO emé YMEHBIIUTh BpeMs ObICTPON HyMEpalliu, €ClIH 3aMETUTh CICAYOIIN
¢axr. B anropurme OBICTPOro mocTpoeHHst OCTOBa (mojapaszen 5.5) coolOmieHue
Has3ao, coneprxaniee BEKTOpP MHUIMATOPA M YHCJIO BXOIIIMX B HEro OOpaTHBIX
p€0ep, pacchuTacTCsl MHOKECTBEHHON pacchUIkoi. [1oaTOMy HEe TOJNIBKO KOpPEHb, HO
Ka)khasi BepIIMHA [OJydaeT B NEepPeMEHHOH MHuyuamopsl NepeBO UHUIUATOPOB H

MOXET OMNpEACINTh KOHel[ MOCTPOeHMs Takoro nepesa. Ilocie 3Toro BeprinHa
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MOJKET caMa BBIYUCIIUTH CBOM HOMEp, MPUMEHSI OJUH U TOT XK€ aJrOpuTM 00Xoxa
nepesa B mupuny. Cooomenus JaitHomep u bepuHomep He HyXHBI.

Ms1r BO3BMEM 3a OCHOBY alrOpPHTM OBICTPOTO TIOCTPOCHHUS OCTOBA, HO TOJBKO
nmoMeHsieM Ha3BaHuwe cooOmeHuss Hazao na Kowney. Korna BepmmHa ONpenaenuT
KOHEIl IOCTPOCHHUS JAepeBa WHUIIMATOPOB IO YCIOBHIO «BEKTOPHOW 3aMKHYTOCTHY,
OHa BBIYUCIACT CBOM HOMep U mocbutaeT coobmienue Hazad kiacca
«MHOECTBEHHAs] PACCBUIKa», COOOMIas Kak JOMOJHUTEIbHBIN MapaMeTp CBOWM
HoMmep. Korma kopens mosyuut cooOmienust Hazad oT BceX BEpIIMH, alrOPUTM
3akaHyuBaeTcs. Kaxplii HHUIMATOP MOckLIaeT coobmenne Koney uepes Bpems He
ooiee dot1, 10 Kaxm0i BepIIUHBI OHO MAET He Oosiee d TakTOB. 3aTeM COOOLIEHHE
Ha3zao ot kaxx101 BEPIIMHBI JOXOIHUT 0 KOPHS 3a BpeMs He Gosee dy.

Ouenka. M = O(DglogA+logn). A = O(nlogA+logn). F = O(nlogA+logn) = 0Om_
[0nse]. T < dotd+dg+l < 4dg+1. N < n. E = O(n(DglogA+logn)).

9. C6op uHgopmayuu o 2paghe 8 NamMsimu agémomama KOPHSsI

B sTOM paszgene MbI IPEAIOKIM AITOPUTM cOOpa TOTHON MHpOpManuu o rpade B
MaMsITH HEOTPAHWYECHHOTO aBTOMara KOpHsA. [IpW 3TOM aBTOMATBHI OCTaBHBIX
BepmmH OynyT moiypobOoramu. [Ipexae Bcero, OTMETHM, dYTO eciu rpad
HEHYMEPOBAHHBIM, TO WHPOPMANHs 0 Tpade MOXKET COAEPKaTh TOIBKO fr-BekTOpa
MapipytoB. OmHAKO MHOXeCTBO Takux fr-BekTopoB ompexemsier tpad He
oHO3HayHO. Hampumep, HepasuuuMbl rpadbl, KOKAbIH U3 KOTOPHIX COCTOUT H3
mpocroro nukia pébep umHBL K>0 ¢  Hymepammeil pébep IO LUKy
(1,2),(1,2),...(1,2) (cm. Puc. 6).

2al . *
1 2 MuosxecTBo fr-BeKTOPOB 3a1a€TCs peryIapHBIM BhIpaxeHneM (12)
X (31eCh 3HAK «*» 03HAYaeT KOHEYHOE YHCIIO TIOBTOPEHHUI BBIPAKSHHS
N5 B cKoOKax 0 win GoJiee pa3) M He 3aBUCHT OT YHCIIA BEPIIHH B [UKIIE.
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Puc. 6. Mnoowcecmeso fr-eexmopos ne oonosnauno onpedensiem epacgp.
ig. 6. The set of fr-vectors does not uniquely determine the graph.

Bynem mnpenamonarath, 4To B HYMEPOBaHHOM Tpade HOMEpa BEpPIIMH JIMHCHHO
YIOPSIOYCHBI. AJITOPUTMBI HyMEpallMl U3 paslenia 8 3TO TapaHTUPYIOT Kak Uit
gucen oT 0 10 N-1, Tak U Ui BEKTOPOB. AJNTOPUTM cOOpa — 3TO MOJUDHUKAIIHS
AITOPUTMOB MOCTPOEHHSI OOPATHOTO OCTOBA C ONpPEEeNICHHEM KOHIA MMOCTPOCHHUS
WM OBICTPOTO TIOCTPOCHUS OCTOBA. MOXKHO TaKKe COBMECTHTH cOOp MH(pOpMAIIH
¢ HyMepaiel rpada mo Jr00My U3 alroOpuTMOB pasjena 8.

Nudopmanms o rpade cobupaercs B BHIE MHOXKECTBA OomMMcaHui p&bep gopmata
(v,f,r,v’), toe v u V. — HOMepa BEpUIMH, WHIMIEHTHEIX pedpy, f — HoMep pebpa B
BEpIIMHE V, I — HOMep pebpa B BepiminHe V. ECiM BEpIIUMHBI MPOHYMEPOBAHBI
guciamu ot 0 10 N-1, To pa3mep omucanus pedpa O(lognA), a eciu UCTIOMB3YIOTCSE
Bektopa BepummH, To O(DglogA). Onwmcanme pebpa MOCBUTAETCS KaK Mapamerp
coobmienuss Pefpo, KOTOpOE AOIDKHO AOUTH MO KOpHs. BepirmHa momkHa co3aaTh
BCE HY)XHBIE coo0meHus Pedpo 1o Toro, kak oHa co3nact coobmenue Hazao, v Bce
9TH COOOILICHUS JOJKHBI UATH 10 OJHUAM M TEM K€ IyTSAM OT BEPIIMHBI JJO KOPHSL.
Torma xopeHb mMoJay4uT Bce coolieHuss Pefpo n0 TOro, Kak IOJYYHUT BCE
coobmienust Hazao, o KOTOPBIM OH OTIpEJIeIIIeT KOHET] paOOThI.

3ameTHM, YTO OOBEAWHATH B OJHOM COOOINEHWH ONHCAaHHA Bcex pedep,
WHIUACHTHBIX BEpIIMHE, — IUIOXas HJes, TaKk Kak 3TO YBEIUYUBACT MOPSIOK
pasmepa cooOIeHHsT W, COOTBETCTBEHHO, MOJHOTO pa3Mepa aBromata jo AlognA
win (must BekropoB) 10 ADglogA. Ha kimacce Bcex rpadoB ¢ N BepUIMHAMH M M
pEOpaMu 3TH BEIMYUHBI UMEIOT Mopsiaok mlognm mam (s BekTopos) mgo mnlogm,

T.C. aBTOMAT ABJIACTCSA HCOTPAHUYICHHBIM.
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9.1.C6op no ocToBy HymMmepoBaHHoOro rpaca

C6op wuHpopMamuu O HYMEpPOBAaHHOM TIpade MOXKHO pealu30BaTh Kak
MOAN(HKALNIO AITOPUTMA ITOCTPOSHUSI 0OPaTHOTO OCTOBA C ONpENeTIeHHEM KOHIIA
nocrpoenus (moapasnen 5.2, cM. Taxke Puc. 7). CoolOuienne Pefpo nMeeT Kiacc
«Paccpuika 10 OTMEYEHHBIM pEOpam», Ilie OTMEUSHHOE pedpo — 3TO BEIXOISILEE

obOpatHOe pedpo; coodmeHne ABUTaeTcsl 0 00paTHOMY IyTH 10 KOPHS.

5 3 2 5 3 5 3
1 2 1 2 1 2
4 2
4% 4% 4
CooOuieHust Bnepéo. Coobuienus Peopo. Coobmenus Hazao.
ITyHKTHPOM MOKa3aHbI O6patHble péopa — Genble. Xopasl — MyHKTHPHBIC JIHHHU.
COOOIIIEHNSI, TIOBTOPHO Omnucanue pebpa a—b moceitaet BepinuHa a.

HpUXOJIINe B BepiruHy.  [Toka3aHo YKCIO0 COOOIMICHHH, IPOXOSILHX M0 Pedpy.

Puc. 7. Céop unghopmayuu o epage 6 neocpanuueHHol namsimu asmomama KopHs.
Fig. 7. Collect information about the graph in unlimited memory of the root automaton.

Onucanue pedpa mobdapisercs Takke B coobieHne Bnepéo. Kornma aTo coobmieHue
MOCBUTAETCS U3 BepinuHbl V 1o pedpy f, onmcanme pebpa B HEM umeer ¢opmar
(v,f,0,0). Korna nepeoe coobuienre Bnepéd npuxoauT B HEKOPHEBYIO BEPLIMHY V-
mo pebpy r, cosmaércs coobuienue Pedpo ¢ ommcanuem pebpa (v,f,rv). Eciu
cooOwenne Brepéd nosropHoe, TO coobuienne Pefpo co3na€rcs B TOM ciydae,
Korma V > V' B jmHelnoM mopsake BepinuH. Coobumenne Hazad mocsuiaeTcs w3
BEpIIMHBI IIOCJIE TOTO, KaK OHa TONUIET BCe CBOW coolOmeHus Peopo. Ilpu
TIOJYYeHUH KOpHEM COOOIIeHus Bnepéd MOXHO CUHTATh, YTO KOPEHB CO3MAET
coobmienne Pefpo v caM e eTo IpuHUMaeT 0e3 peallbHO# MepechlTky 1o pédpam.

B kopeHp moCTynHWT OJHO OMHCaHME Kakmoro pedpa. Tak kak Bce coOOOIMIEHUS
Pebpo TiOCBHIIAIOTCS W3 BEPIIMHBI paHbllle, 49eMm coobmenne Hazad, u >Tn

COO6IH€HI/I${ JABUTAlOTCS 1O OJHOMY U TOMY IXKE OGpaTHOMy ImyTd, B MOMCHT
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OTIpeNieNIeHUs] KOHIIa ITOCTPOSHHSI OCTOBa Bce cooOmieHus Pedpo yxe INOCTUIIH
KOpHS, ¥ KOPEHb MOTYIHJI TIOJTHY0 HHpopManwmio o rpade.

B «xymmem» ciaydae Ha OXHOM pedpe MOTYT OKa3aThCa BCe cooOmmeHus Peopo n
onHO coobmenne Hazad, cymmapao m+1.

Omnenka. Pasmep cooOmieHns u maMsaTH HEKOPHEBOH BEPIIMHBI YBEIMYHWBACTCS Ha
pa3mep omucanusi pebpa. T < dgtDg+tl. N<m+1l. Eciu HOMEp BepIIHHBI — 3TO
yucsio ot 0 xo n-1, o M = O(lognA), A = O(lognA) u F = O(lognA) = 0w [0l
E = O((m+1)lognA). Ecnn HOMep BepumHbl — 3T0 €€ BekTop, To M = O(DologA),

A = 0(DglogA) u F = O(DglogA) = 00 [0nx], E = O((M+1)DglogA).

9.2. BbICTpbLIN COOpP NO HyMepoBaHHOMY rpady

C6op wHpopMamMum O HYMEpPOBaHHOM TIpade MOXKHO pealu30BaTh Kak
MOJTU(DHUKAIMIO aJrOPUTMa OBICTPOTO MOCTPOCHHS OOPaTHOTO OCTOBA (MOApa3/et
5.5). AHaIOrMYHO aJrOPUTMY M3 TPEIBIAYIIErO IMOJApasjeNa OmhcaHue pedpa
nobapnsieTcss B cooOmienne Bnepéod. Korma 310 cOOOIIEHHWE MOCHIIAeTCS W3
BepIIMHBL V 10 pebpy f, ommcanue pebpa B HéM mmeer dopmar (V,f,0,0). Korma
nepBoe coollueHne Bnepéd NpuXOIUT B HEKOPHEBYIO BEPINUHY V. 10 pebpy I,
cosmaércst coobuienue Pefpo ¢ omucanuem pebpa (v,f,rv). Eciam cooGuienue
Bnepéo nosroproe, To coobuienre Pedpo co3maéres B TOM ciydae, Korjaa Vv >V B
nuHeHHOM mopsiike BepiiuH. Coobuienune Hazad nockuiaeTcs U3 BEPIIMHBI MOCTE
TOro, Kak OHa MONUIET BCe CBOM cooOuieHus Peopo. Ilpu monydeHUH KOpHEM
coobmieHust Bnepéd MOKHO CUMTATh, YTO KOPEHBb cO31aET coolienue Pedpo u cam
JKe ero MpUHUMAaeT 0e3 peaslbHOH MepechlTKH 1o pEdpam.

Tenepp coobmenue Peopo, kak wu cooOmenne Hazad, wmMeeT Kiacc
«MHOEeCTBEHHAs pacChlIKa», KOTAa TOJIbKO KOPeHb KOHeuHas BepiinHa. Ha oqHoM

pedpe MOTyT oKa3aTbCcs OJHOBPEMEHHO cooOmieHus Pefpo s Kaxporo pebpa u
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coobmennss Hazad oT KaXI0i BEPIIUHBI, KpOME KOPHS, a TaKkKe OJHO COOOIICHHE
Bnepéo nnu Ocmos; Bcero He 6onee M+(n-1)+1 = m+n cooGIueHwmii.

Ho 3neck ects npobiema ¢ nHUIMATOpPaMH cooOieHnit Peopo. Kak ckazaHo BhIIIE,
9TO COOOLICHHE COACPXKUT ONMCAHHE TOJNBKO OXHOTO pebpa, IMOITOMY BEpLIMHA
IOCBUIAeT MHOXECTBO TaKHX cooOIieHuii Pefpo ¢ ONUCAaHUAMH HHLMICHTHBIX
BepuinHe pEOEp, M BCe OHM JIOJDKHBI JIOWTH 10 KopHA. [TosTomMy MHMIIMaTopom
coobennst Pedpo ¢ omcanuem pebpa (v,f,r,Vv’) ciemyer cuutarh He BepuiuHy V.,
CO3/aBIIYI0 3TO cooblienne, a pebpo, 3amaBaemoe mapoi (r,v'). Dra npobiema
pemiaercst HEMHOTO TMO-pasHOMY B 3aBHCUMOCTH OT TOrO, HPOHYMEpPOBaHBI
BepIIUHBI yuciaamu oT 0 1o N-1 mwin BeKTopamy.

Eciu HOMep BEpUIMHBI — 3TO BEKTOP, TO TepeMeHHas Huuyuamopwt (noapaszaen 5.5)
XPaHUT JEepPeBO MHHULMATOPOB-BEPLIMH KaK CIIMCOK OIMCAHMI BEPIIMH B NOPSIKE
o0xoza JiepeBa B MHPHHY, II€ ONMUCAHHWE BEPLIMHBI — 3TO CIIMCOK BBIXOISLIMX U3
BEPIIUHBI TPSMBIX HOMEpPOB pédep nmepeBa. [l mobOaBieHHs MHHIUATOPOB-pEGED,
JIOCTaTOYHO B ONMCAHWE BEPUIMHBI [OOABUTE (Yepe3 paszeuTes) GUTOBYIO KAy
pédep, MHIUACHTHBIX BepinuHe. WHunmarop-pedpo, 3amaBaembiii mapoi (r,V'),
ormeuaercss «l» B r-m Oure mikansl pébep B OMMCAHMM BepIIMHBI V. Paszmep
nepeMeHHoi Mnuyuamopwt ysenmuuusaercst Ha O(n+m) our.

Ouenka (Homep BepmuHbl — €€ Bektop). M = O(DglogA). ius HekopHEBOM
BepinHbl A = O(n+m+nlogA) u F = O(n+m+nlogA) = Omnsw [Onswl. T < 2dp+1.
N < m+n. E = O((m+n)DologA).

Ecnn  BepmmHbl mpoHyMepoBaHel unciamu oTr 0 go Nn-1, To HeT cMmbIcia
UCIIOJIb30BaTh aJrOPUTM, OCHOBaHHBIH Ha BEKTOpax BepUIMH. B mepemeHHOM
Hnuyuamopsi XpaHUTCS CIIMCOK OIMCAHMH BEpPIIMH B INOPSIKE BO3PACTaHUS HX

HOMepoB. OmmcaHWe BEpIIMHBI COACPXKUT ONUH OUT UIT OTMETKH BEpIIMHBI-
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MHHIMATOpPa W OWTOBYIO IIKany pE&Oep, MHIUICHTHBIX BEPIIMHE, Ui OTMETKH
péGep-unannuaTopoB. Pasmep nepementoii pasen O(N+m) Gur.

CooOrienne Bnepéo noceinaercs 6e3 f-nakormenus. Takke Kak ONMUCAHO BBILIE, B
coobuienne Brepéo nobarmsercst onmucanue pedpa (v,f,0,0), koTopoe ucmonssyercs
JUIsL co3anus cooliueHus Pedpo ¢ ommcanueM pedpa (V,f,r,v’). Coobiuenue Hazad
COJIEP’KUT HOMep (@ He BEKTOp) CO3/ABILET0 €ro MHUIMATOPa M YUCIIO BXOJSIINX
00paTHBIX pE0ep MHULMATOPa KaK JOMOJHHUTENILHBIA napaMeTp.

Kpome Toro, mensiercsi mpoueaypa onpeiesieHns] KOHIa padoThl, BBINOJIHsAEMAs B
KopHe. B moapasnene 5.5 sra mponenypa ucroibp3oBana J€pPEeBO WHHUIMATOPOB C
yKa3aHUEM YHCiIa BXOJSIINX 0OpaTHBIX pEOep Iyl Kaxaoro mHunmartopa. Teneps
JUIS OTIMCAHUs JAepeBa WHHUIMATOPOB JIOCTATOYHO B ONHUCAHUSX PEOEP OTMETHUTH
pébpa ocroma. Jlns »TOro B ommcaHme pebpa mobamisercs OyIeBCKHIl NpH3HAK
0CTOBa, KOTOPBIA paBeH true, ecnu omucanue pebpa co3qaéTcsi MPHU MOJYYCHUH
BEPIIHHON TMepBOro coobuieHuss Bnepéo, u pasen false, ecnm ommcanme peGpa
co3maéTcs TpH TOJYYCHWH BEPUIMHOM IMOBTOPHOTO coolmmeHus Brnepéo. Yucno
BXOJSIMX 00paTHbIX péOep, Kak M B moxpazaene 5.5, paBHO 4HCIy MONTYYEHHBIX
BEPIIUHON cooObIieHuit Ocmoes u nepenaércst KopHio B cooduienuu Hazao.

BMmecTo ycioBHsS «BEKTOPHOHW 3aMKHYTOCTH» Yy Hac OyJeT aHAJIOTHYHOE YCIIOBHUE
«YUCIIOBOM 3aMKHYTOCTHY: 1) Juist Kaxmoro pedpa ocrosa (V,f,r,v") 06a ero xonma v
U V' JI0/DKHBI OBbITh BEPIIMHAMH-MHUIMATOPAMH, 2) Ui KaXIOW BEpIIUHBI-
uHuaropa V. (a Takke IUsl KOpHs) yucio pébep ocrosa Buaa (V,f,r,V') momkuo
OBITH PaBHO YHCITy OOpaTHBIX PEOEP, BXOMAMINX B BEPIIMHY V .

Ouenka (Homep BepiuHbl — yncio ot 0 xo n-1). M = O(lognA). [{ns HekopHEBO#
BepinHbl A = O(n+m+lognA) =0O(m) u F=0(M) = Ommsw [Onsel. T < 2dpt1.
N < m+n. E = O((m+n)lognA).
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9.3.C6op no ocToBy C 0A4HOBpPEMEHHON HyMepauuen rpada

Anroput™ cbopa MOKeT ObITh IOCTPOCH KaKk MOAM(UKALUS JII0O0ro He OBICTPOTOo
anroput™Ma HyMmepauuu rpada (moapaszgenst 8.1, 8.3, 8.4). Pasmep cooOueHus u
MaMsITH HEKOPHEBOM BEPIIMHBI YBEINYHUBACTCS HA pa3Mep OMUCaHus pedpa.

Nnes anroputma cnenyromas. ITomydass HoMep, BepIIMHA OINpalMBaeT COCEACH ¢
MTOMOIIBI0 coobmieHni knacca «Bompoc/OtBeT». Bonpoc nockuiaeTcsl U3 BEPIIUHB
v o pebpy f n mpuHMMaeTcs BepmmHOM V' 10 pebpy r, a Omeem TOCHIIACTCS
obpatHo 1Mo ToMy ke pedbpy. Oba coobmieHns coaepxar onnucanue pedpa: Bonpoc —
B popmare (v,f,0,0), Omeem — B popmare (v,f,0,0), eciu Bepumna V' emé He umeer
Homepa, wmu B ¢opmare (v,f,r,v’), eciu yxe wumeer. Coobuienue Pefpo ¢
omucanueM pebpa (v,f,r,v’) cozmaér mubo BepIIUHA V' TPH TIOJYUYEHHH COOOIIEHHS
Bonpoc, ecnu BepuinHa V' IPOHYMEPOBaHa U V > V' B IMHEHHOM MOPS/IKE BEPILHH,
60 BepIIMHA V TIPH TOTyYeHHH coobtneHns Omeem ¢ mapamerpom (V,f,r,v"), eciu
v < V. Coobuienne Pedpo umeet kinace «Pacchlika 10 OTMEYEHHBIM pEGpam», Tle
OTMeUeHHOe pebpo — BEIXOmsImee oOpaTHoe pebpo. CooOleHne IBHUTAeTCS IO
obparHomy mytn g0 KopHi. CooOmenue Hazad co3marcs mocie OKOHYAHHSA
orpoca coceJiel ¥ MOCBUIKH BCEX HYXKHBIX cO00LIeHui Pedpo.

Onpoc cocexeli 3ammMaer He Oonee 2-x TakroB. Ompoc HadyMHAeTCs, KOTIa
BEpIIMHA MOJIyYyaeT HOMEp, MPOUCXOJMT Mapajies]bHO B Pa3HbIX BEPIIMHAX M HE
TOPMO3UT IIepeaady IpYrux COOOLIeHHH, KpoMe, ObITh MOXKeT, coobiuenus Hazao.
[Mostomy Bpemst T yBenmumBaeTcsi He Oonee ueMm Ha 2 Takra. JliIsi HEKOTOpPBIX
AITOPUTMOB HYMEpAIMK 3TH IHIIHHUE» JIBa TaKTa MOXXHO YAaIHUTh, €CIH OMPOC
coce/iei BBITIOJHATH C MOMOIIBIO YK€ UMEIOIIMXCSI B aITOPUTME COOOIICHHH.

B OCHOBHOM aJrOpUTME HyMepalud BeKTOpamMu Bompoc u Omeem He HYXHBI.
Coobmenne Pedpo co3maércst TpH TIONyYEHHH JHOO TEPBHYHOTO COOOIICHUS

Bnepéo, nnb0o moBTOpHOTO COOOIICHNST Bnepéo oT BepIINHBI ¢ OOIBIINM BEKTOPOM.
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B momuduxanmum 1 mpeaBapuUTENbHO IMOCTPOSH OOPATHBI OCTOB C OTMETKOM
npsamelx peoep. s pebpa octoBa co3maéres omHO coobmieHue Peopo mipu
MOJTy9E€HUHU TIEPBHYHOTO cooOIIeHusI Bnepéo. BepimHa onpammBaeT TOJIbKO XOPIbI
(cocenmeii Ha KOHIAX Xopxa). B Moaupukanud 2 NpeaBapUTENHLHO IOCTPOESH
oOpaTHBIi OCTOB 0e3 OTMeTKH mpsaMbIX pédep. st pébep ocroBa coznpaéres
coobmenne Peopo npu monydeHun 1IuOO0 COOOIICHUsT Brepéd mo BBIXOISAIIEMY
obpaTHOMY pedpy, 1100 IO XOp/ie OT BEPUIMHEI C OOJIBIINM BEKTOPOM.

B anropurme Tappu HyXHO B coobuienun Brnepéo, nocsliiaeMoM U3 BEPIIUHEL V 110
pebpy f, nomonHUTENBHO yKa3aTh omucanue pedpa B popmate (V,f,0,0). B ocHoBHOM
anroput™Me coobuieHne Pedpo co3nares mpu MOMydeHUH cooOmmeHust Bnepéo. B
Moandukanuu 1 HeT mKansl pédep, modToMy coobmieHue Pedpo co3maércs mpu
MOyYeHUH BEPIIMHON V' cooOmieHnst Bnepéd nmmbo mo pebpy ocrtoBa, nubo 1Mo
xopme mpu ycioBud V. < V. B wmomudukamumm 2 (6e3 ONTHMH3AINM) YKe
BBINOJNIHAETCS onpoc coceneld. [loatomy mocratrouHo B coobmenun Bonpoc,
MOCHLIAEMOM M3 BepUIMHBI V 110 pedpy f u mpuHruMaemMoM BepmuHOu V' 110 pedpy I,
ykazaTp omucanue pebpa B ¢opmare (v,f,0,0), a B coobuiennn Omeem c
napametpom Xopoa = true ykaszath omucanue pebpa B dopmare (v,f,0,0), ecnu
BepIKHA V' emé He UMeeT HoMepa, win B Gopmare (V,f,r,v'), ecriu Bepimna V- yxe
npouymepoBana. Coobienne Pefpo co3maétes MpH MONyYEHUH BEPINHHON V' 110
pebpy I nubo coobruenust Bnepéo, mubo coobmenust Bonpoc, ecin BepiiHa V-
yKe MPOHYyMepoBaHa M V > V', MM0O TPH TOJYYCHHH BEPUIMHOW V COOOGIICHUS
Omeem c mapamerpamu Xopoa = true, r = 0 u V. > V. B momudukanuun 3
MPEIBAPUTENFHO TIOCTPOCH OCTOB C OTMETKOH MpSMBIX pEOEp W BBHIMONHSICTCS
o0xox octoBa, a He rpada. s pédbep ocroBa co3maéres coobmenne Peopo mipu

rorydeHnr cooOmmenust Bnepéd. Xopasl (cocean Ha KOHIIAX XOP/) OMPAaIIHBalOTCS.
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B ocHOBHOM anropuTMe Hymepaluu depe3 KOpeHb M ero Momuduxanuu 1 HyXHO

JIeTaTh OTPOC COCECH TIPH MOTydeHnn cooomenus: bepuHomep.

9.4. BbICTpbIN COOpP C OAHOBPEMEHHOWN HyMepauuen rpaca

Anroput™m cOopa MOXET OBITh MOCTPOEH Kak Moauduramus Jodoro OBICTPOTO
anroput™a Hymepanuu rpada (mompaszgensl 8.2, 8.5, 8.6). Pasmep cooOrueHust u
MaMsATH HEKOPHEBOH BEPIINHBI YBEIMINBACTCA Ha pa3Mep onucaHus pebpa. Kak u B
NpeAbIaYIIEeM IoApa3/ielie UCIONb3YeTCs ONPOC COCeNeH, KOTOPHIH yBEIMYHBAET
BpeMs T He Oosiee yeM Ha 2 Takta. lHOrAa OT 9THX 2-X TAKTOB MO>KHO M30aBHUTHCSL.
[Ipu GbicTpoii Hymepaiuu BekTopamu Bonpoc n Omeem He HyxHbl. CooOlieHue
Peopo co3nmarcs mpu MOMYyYCHUH JTUOO MEPBUYHOTO COOOUICHHs Brepéd, nmubo
MOBTOPHOT0 cOO0LIeHUsI Bnepéo ot BepIMHBI ¢ 0OJIBIIMM BEKTOPOM.

B anroput™e ObICTpOH HyMmepaluM Yepe3 KOpPeHb HY)KHO JeNaTh ONpoc coceaei
npu noirydeHun cooduenust bepuHomep.

B anropurme ObICTpOil HyMepay He Yepe3 KOPEeHb ONPAIIUBAIOTCS TOJIBKO XOPbI
(cocenu Ha mx koHuax). Kakmas BepiIMHa cama ompenelisieT KOHEI| IMOCTPOEHUS
JiepeBa MHHUIMATOPOB II0 YCJIOBHIO €T0 «BEKTOPHOM 3aMKHYTOCTH» WM BBIYHMCIISIET
cBoif HOMep. Taxke OHa MOXKET BBIYHCIHTH HOMEp Ny, JTI000W BEpPIIMHEI V 1O €€
BekTopy Py. dust mpsmoro pebpa a—b Bepiuuna b 3Haer ero Homep r B BepumHe b
(BeIxOmsIIEe U3 b 0GpaTHOE PEGPO) M CBOI BEKTOD Py = Po-<f>, rue f — HOMep pebpa
B BepiunHe a. Bepiimna b crpout ommcanue pebpa a—b B dopmare (N, f,r,ny) u
co3naér coobuieHne Pedpo. Takxke BepummHa b Mo cBOeMy BEKTOPY P HAXOIUT B
JiepeBe MHUIMATOPOB CBOE OIMCAHME, COAEpIKallee HOMEpa BBIXOMSIIMX MPSIMBIX

pé6ep. Tem cambiM, BepuirHa b onpesenser HoMepa Xopa, KOTOPbIE OIPAIIHBACT.
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10. lNouck makcumMasribHO20 rnymu

B 3tom paszmene paccMOTpUM peEIlICHHE KOJUICKTHBOM aBTOMATOB 3aJaddl ITOUCKA
MakcuManbHoro mytH B rpade (Longest Path Problem). Kak ussectHo, 3Ta 3amaua
otHocutcs K kiaccy NP. Ho B Hameidl momenw, OOITycKaromed HEOTpaHWYCHHOE
YUCJIO COOONICHWH, OHA pemiaeTcs 3a JmHelHoe Bpems. ['pad mpenmosaraeTcs
HyMepoBaHHBIM drciiamu oT 0 1o N-1. CHavasia paccMOTpHUM 3a/1ady MOWCKA U, €CITH
HYXKHO, Pa3METKH MaKCHMAJILHOTO MYTH, HAYMHAIONIET0oCs B KOpHE rpada, a moToM

00111y10 33/1a4y MOUCKA U pa3METKN MaKCUMaJILHOTO ITyTH B rpade.

10.1. MakcuManbHbIA NYTb OT KOPHA

Wnest anropuTMa 3aKitO4aeTcs B CICAYIOMIEM. PaccMOTpUM BCE MapLIPYTEHI,
HayMHAIOIUeCs: B KopHe 1 uMmeronue Bu B-<e> wnu C, rae B — myTh 10 BepuIMHBI
V, € — xopaa nytu B, unumnentnas BepiiuHe V, C — myTh, 3aKaHYMBAIOIIUICS B
TepMUHAJILHON BeplIMHE. MaKCUMaJIbHBIM MyTh OT KOPHS — 3TO MaKCHUMAJIbHBIN
cpen myteit B m C. HMcmompsyrorcs apa Tuma coobuienus: Ilpsamo kiacca
«Pacceuika 10 camonepecedenuss» ¢ Vir-makormenuem pasmepom O(DolognA) u
Oopamno xnacca «Paccplika MO0 OTMEYEHHBIM pPEOpaM», KOTOPBHIMH CUHUTAIOTCS
pébpa obpartHoro ocroBa (Puc.8). BepiimHa CcOOEPKUT IOMOJHHUTEIBHYIO
OyIeBCKyIO TIepeMeHHyo bbLio, KoTopast paBHa false, ecnum ata Bepmmna emé He

nory4aia coobmenust Ipamo; Buauane bouio = false.
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I'pad e OOpatHBIii 0cTOB (benvie péopa):
(xopeHb 0003HauCH *) obpaTHoOe BbIXOzsIIEe pedpo
\ 0TMEYaeTCsl BEPIIMHON MIpU pHEMe
nepsozo coobiuenus Ipamo.
* *
® Tokasana ofHa MTapa COOOTIEHHH: ® Paszmemxa — cinonrHas TUANS,
IIpsamo — crioHas TUHMA, Koney — nyHKTUpHas JTMHUS.

Obpamno — MyHKTUPHAS JTMHUSL.
* *

Puc. 8. INouck maxcumanvro2o nymu om KOpHs U €20 pasmemkd.
Fig. 8. Search for the maximum path from the root and its markup.

B nauane paboTsl KOpeHb IpucBanBaet boiio (= true, co3naér coobienve Ipamo n
pacchUlaeT ero Mo BCeM HHIMICHTHBIM pEOpam. [lomywas mepBoe cooOuicHue
Ilpsimo, BepuimHa OTMEYaeT peOpo, MO KOTOPOMY MPHHATO COOOINCHHE, Kak
BEIXOsIIIIee oOpaTHOe pedpo. Tak cTpoutcst oOpaTHBI ocTOB Tpada. CoobdiieHne
Obpamno co3naércs Mpu yHUUTOXKESHUU coobuienus IIpamo, xorma ero MapipyT
caMoriepeceKkaeTcs ik 3aKaHYMBAeTCsS B TEPMHUHAIIBHOM BepiinHe. B 3TOT MOMEHT
coobienne Ilpamo conepxur Vir-Bexrop mytu ¢ pebpom Buma Py -<fi> rne
Py = <vy,fi,r, Voo, 10, v>, Vi kopens, fg mpsimoit Homep pebpa, MmO KOTOpOMY
BepIIMHA Vi TIockutana coobmienne. CooOIeHne momydaeT BepIInHa Vs TI0 pedpy
i, MOpHIEM JHOO Vi =V; It HekoToporo i=1.K, mmbGo BepmMHA Viiq
tepmuHanbHas. Coobrienne Oopammno nMeeT TOTIOTHUTENBHBIN mapameTp P = Py,
eciu ObUTO camoriepecedenue, win P = Py-<fy 1y, V1>, eciu mapipyt 3akoHYHICS B
TEPMUHAILHON BEpIIIHHE.
B kopHe xpanutcsi Vir-Bextop Ppa, BHauame mycroil. Korma kopeHb monydaer
coobmienne Oopamuo ¢ napamerpoM P, oH cpaBHHBaeT miauHY P U3 cooOeHus ¢
IUIMHOU Ppay. Eciii P gmunnee, To 3anmomunaercs P,y = P.
Konern paGoTsl ompenessieTcss ¢ MOMOIIbI0 YHUBEPCATBHON MPOIEAYPHl CTOMOpa
(pasmen 6) mus o cooOiuenuii IIpamo nu Oépamno. KopeHs NOCHUIAET BOBHE
cooOuenne, coaepxaiiee Kak mapamerp Prayx = <Vq,f1,r,Vo, 5,1, Vigna™-
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Coobmenne Ilpsamo TPOXOIUT OT KOPHS MYTh C XOpAOH, amuHOW He Oosee Do+l,
WIK TyTh, 3aKaHUYMBAIOIIUICS B TEPMHUHAIBLHOW BepIIWHE, JIUHOW He Oonee Dy.
3arem coobrmenne Qopamuo NPOXOANT ITyTh 10 KOPHS JIUHON He Oonee Dy.

Yuco coobuieHuii Ha pedpe SKCIOHEHIMAJIbHO, YTO M CJIEIO0BAIO OXHIATh,
MOCKOJIBKY 3a/1a4a ITONCKa MaKCUMaJIbHOTO IyTH — Kiacca NP,

Otenka 6e3 yuéra cromopa. M = O(DglognA). A = O(DglognA). F = O(DglognA) =
Om—oo [Onsea]- T < 2Dg+1. N 1 E sKCTIOHEHIIHAIBHBI.

Momudukanus 1. Uucno cooOuenuit Oopammuo MOXHO cuenaTh JUHEHHBIM (a He
IKCTMOHEHIMAIbHBIM), €CIIH B KaXIOW BEPILIMHE XPAHUTh MAaKCHMAIbHYIO JUIHHY
Knax BEKTOpPOB P W3 NpOXOAMBIIMX dYepe3 BEPIIHHY COOOLIEHUH OQopammo.
[NonyueHHoe BepiunHO# coobiueHne Oopammno, couepxaniee BekTop P mamuHel K,
MOCBUIAETCS Jaiblie TOJBKO, ecii K > Koy TTockonbky K MeHsI€TCS B IMaia3oHe oT
0 no D, uncino coobmennii O6pamno na ogHoM pedpe He npesocxomut D+1.
Momudurarms 2. Ecin Hy)XHO pa3MeTUTh HAWICHHBIH MaKCHMAaJIbHBIA IMyTh OT
KOpHS, TO IIOCJI€ 3aBEPUICHHs IOMCKa TaKOro MyTH KOPEHb CO34aéT COOOIIeHHUE
Pasmemka xnacca «llepecbuika MO 3aIOMHCHHOMY MAapUIpyTy», B KOTOPOM
napamerp Mapwpym pasen <fi,f,..fqn1> 1 umeer mmny He 6onee Dy. Korma
BepinHa Vj, rae j=1..Kna-1, moceimaer coobmenue Pazmemka no pebpy fj, oma
OTMedaeT BBIXOJAlIee pebpo myTu B mepeMeHHoi Fn :=f; pasmepom O(logA).
Korna BepmmHa Vj, rae j=2..Knax, NpuHUMaeT coobuienne Pazmemxa no pedpy fji,
OHa OTMeYaeT BXozslee pebpo ImyTH B mepeMeHHOH RN = rjy pasmepom O(logA).
Korma cooOuienune Pazmemxa nownér 1o KOHIA 3allOMHEHHOI'O IYTH, T.C. [0
BEPILIMHBI Vi, 3Ta BeplIMHa co31aér coolienue Kowuey xnacca «Paccblika mo
OTMEYCHHBIM pEOpamM», KOTOPBIMU CUHTAIOTCS pEOpa oOpaTHOTO ocToBa. Pazmerka

3aKaHYMBACTCS, KOT/Ia KOPEHb MmoirydaeT coobmenue Kouey.
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Coobmenne Pazmemka TPOXOTUT IyTh OT KOPHSA UIMHOW He Ooiee Dy, a

coobmienne Koney Bo3BpamiaeTcs B KOPEHb 110 MyTH JIUHON He 6osee Dy.

Ouenka 6e3 yu€ra momcka MakcumanmbHoro myta. M = O(DglognA).
A = 0O(DglognA). F = O(DglognA) = Om e [Onse]- T <2Dg. N <1 u E = O(DglognA).
Momudukauus 3. Ecnu B rpade moctpoeH oOpaTHBI OCTOB, NPH IOJYyYCHUH
nepBoro cooOmenust IIpamo He HY)XKHO OTMeuaThb BBIXOJsIiee oOpaTHoe pedpo.
Brurpsii o BpeMeHu Oy/IeT, €ClI OCTOB — IEPEBO KpaT4aiIINX MmyTeil.

Ouenka. M = O(DolognA). A = O(DglognA). F = O(DolognA) = 0y [One]. TIpu
noucke myTH 0e3 yuéra cromopa T < Do+dg+1. s pasmerku T < Dg+dy.

3amMeTnM, 9TO TAaKOW K€ BBIUTPHIII 110 BPEMEHH MOXHO MOJIYYUTh M B TOM CIydae,
KOI/la JIepeBO KpaTyaWlIMX IyTed HE IMOCTPOEHO, ecliM cooduieHus Oopamuo u
Koney nmverot xitace « MHOXKeCTBeHHasE pacchuika». OHaKO B 9TOM CiIydae IamsTh

aBromara 6oussie: A = O(nlognA), F = O(nlognA) = 0 e [0n 0]

10.2. MakcumanbHbIN NyTb B rpace

Wnest moncka MakCHMaJIbHOTO MYTH B CBSI3HOM rpade 3aKJII09aeTCs B CICAYIOMIEM.
Paccmorpum Bce Mapmipytsl Bupa A-B-<e> wm A-C, rne A — myTh OT KOpHS 70
HEKOTOPO# BepUIKHBI V, B — MyTh OT BEepLIMHBI V 10 BEPUIMHLL V', € — X0op/a IyTH B,
uHOHAeHTHAs Bepumae V', C — myTh OT BEPIIMHBI V', 3aKaHYUBAIONIMICS B
TepMUHAJIBHON BepuiuHe. BepmuHy V Ha30BEM unuyuamopom. MakCUMaIbHBII
IyTb B rpad)e — 3T0 MakCUMaIIbHBIN cpeau myTeld B u C i1 Bcex MHUIIMATOPOB.

Kak ¥ npm moucke MakCHUMalbHOTO IYTH OT KOPHS, HCIOJIB3YIOTCS JIBa THIIA
coobwenust: Ilpamo xnacca «Pacceiika 10 camorepecedeHus» ¢ VIr-Hakommennem
n O6pamno xnacca «Paccpuika 1Mo OTMEUEHHBIM PEOpPamM», KOTOPBHIMU CUUTAIOTCS

pébpa oOpatHoro ocrosa (Puc. 9). BepiirHa cofepkut riepeMeHHy0 BbLio.
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I'pad e OOpatHBIii 0cTOB (benvie péopa):
(xopeHb 0003HaUCH *) obpaTHoOe BhIXOzsIIee pedpo
\ 0TMEYaeTCsl BEPIIMHON MIpU NpHEMe
nepeozo coobiuenus Ipamo.
* *
v, L]

Ipsamo NPOXOIUT MYHKTHPHBIH yTh OT KopH# (*) 10 nHHIMaTopa (¥)
¥ CIUIOIIHOM MMyTh OT HHULMATOPA JI0 cCaMoliepecedeHust (0).
Oépammno npoxXoauT Gelbiii yTh OT camornepeceyeHus (0) 1o kopHs (*).

Pazmemka npoXomTuT MYHKTHPHBIH MyTh OT KopHs (*) 10 HHuMIMaTopa (V)
U CIUIOIIHOH ITyTh OT HHHUIHATOPA 0 KOHIIA pa3MeYaeMOoro MyTH.

Koney npoxoauT Gerblii yTh OT KOHIA Pa3MEYEHHOTO MyTH 10 KOpHs (*).

Puc. 9. Iouck maxcumanvroeo nymu 6 epage u e2o pazmemxa.
Fig. 9. Search for the maximum path in the graph and its markup.

Coobmenune IIpamo MOXET cO3JaBaThCS HE TONBKO B KOpHE, HO M B JIOOOM
BeplIMHe-uHUIMaTope V, modtomy Vfr-sekrop wumeer Bux Py<fi>, rne
Pk = <Vji,fjrn, M1 Vjsa fjs,ljez,- . Vi | Vi1 = V. BepllinHa V cTaHOBUTCS HHHIITATOPOM,
Korja noixydaet nepsoe (Bwuro = false) coobmenue Ipamo c vir-sekropom Pj-<fi>,
rae Pj = <vy,fi,ry,Vo,,12,..vj>. Bepiunna V cHavana pacchliaeT Jaiblle COOOMCHHE
IIpamo B COOTBETCTBHHM C €ro KIacCcOoM, a HOTOM CO3[4aéT HOBOE COOOIICHHE
Ilpamo, KOTOpOE pacchlIaeTcst 10 BCeM MHIMICHTHBIM péopam. HoBoe coobuienue
IIpamo, noceinaemoe 1o pebpy fj.1, comepxur Vir-Bekrop <Vj,>-<fj;1>.

Cosnanue 1 00padboTka cooOiiennss Ofpamnuo v onpeelieHne KOHIAa padoThl TaKkue
e KaK B CIydae MOMCKa MAaKCMMAJIbHOT'O MyTH OT KOPHSL.

Momudukanus 1 ananormyna moaumdukanmu 1 w3 moxpasgena 10.1. Ywucrno
coobmienniit Qopammno Ha pedpe He 6onpme D+1.

Momudukarms 2 11 pa3METKH HaWICHHOTO MAaKCUMAaJbHOTO MyTH. B cooOiieHue
Ilpamo noGasisieTcs ené ouH mapamerp R, comepskamntuii f-BekTop myTH OT KOpHS
no wHunuatopa. Korma wHHMmmatop — xopeHb, R mycto. CooGmienne Ilpamo c

WHUIIMATOPOM B HEKOPHEBOW BEpIIMHE V CO3MAETCSd JTOM BEPUIMHON TpHU
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MOJTy4eHUH TepBoro coobmenus Ilpsamo (ero MHUIMATOP — KOPEHB), COJEPIKAIIETOo
vir-sexrop Pj<fj>, rue Pj= <vy,f1,ry,vo,f2,15,..vj>. Torma R = <fy,...fi>. Coobmenue
Obpamno Tarxke WMECT IONOJNHUTEIBHBIN Tapamerp R, mepemuchiBacMBIl 13
coobmenus Ilpsamo npu coznanuu cooduieHus OopamHo.

Kopenb BMecTe ¢ TNEpeMEHHON Pray = <Vji,fjr M1, Vjs2 2 ljs2r Vigna™  XPAHUT
COOTBETCTBYIOILYIO €if MepeMeHHYI0 Rpax = <fy,f,,..f{>, B KoTOpyto u3 coobmenus
Oobpamno tnepenuchiBacTcs mapamerp R, xorma mapamerp P mepemuceiBacTcs B
nepeMeHHy Pr.. Korma co3maérces coobmienue Paszmemka, OHO WMeEeT [Ba
napameTpa: Rpa U Plax = <fjs1,fjr201- fumane1™ KaK HOIIIOCIHENOBATENBHOCTD Prygy,
sBystroniasicst f-Bekropom maiimennoro mytu. CHauana cooOinenne Pazwmemka
JBUTACTCS TI0 TyTH C f-BeKTOpOM Rpya OT KOpHS 10 Havaia HaiJeHHOTO IyTH, a
IIOTOM — I10 3TOMY ITyTH ¢ f-BekTopom Pl pasMeuas myTh B TiepeMeHHBIX Rn u Fn.
Momuburamms 3 MOJHOCTHIO aHATOrHYHa Moaudukanuu 3 B moapasaene 10.1.
Ornenka. ITo cpaBHeHuIo ¢ oneHkamu B moapasaeie 10.1 yBenmnunBarOTCs pa3Mepsl
coobmienns M u aBromara A 3a cuér Toro, yro BenumumHa Dy mensercs Ha D:
M=A=F=0(DlognA) = Opsw [Onsw]. Eciaum wucmonp3yercs MHOXECTBEHHas
paccbuika, To namsth eié 6onpie: A = F = O(nlognA) = Om e [On_se)-

Bpewms pabotsl (0e3 yu€ra cTomopa) ciaraercs U3 BpeMeHH X IMPOXOXKIACHUS MYTH
OT KOpHSI [0 WHUIHMATOPA, BpeMeHH Y MPOXOXKACHHS MAKCHMAJIBLHOIO MyTH H
BpeMeHH Z MPOXOKACHHs MyTH 10 KopHs. [Ipu moucke mytu X < do, Y <D u Z < Dy,
a mipu pazmetke X < Do, Y <D u Z <Dy Ecnu nucnons3yercst paHee OCTPOSHHOE
JIepEBO KpaTYadIIuX MyTeH WK MHOKECTBEHHAS Pacchlika, 1o Z < dy.

[pu Hanuuuu nepeBa KpaTUalIuX IMyTed MOXKHO mpu pasmerke craenath X < dy.
it 3TOTO HaMO, YTOOBI BEpIIMHA CTAHOBHIIACH WHHIMATOPOM MpPU MOJTYYCHUU HE
nepBoro cooOuienust IIpsamo, a TOro, KOTOpOE NPONUIO KpaT4aWIui MyTh IO

nepeBy oT kopHs. Jlist artoro coobuienue Ilpamo wmveer OyneBCKMH NpU3HAK
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Kpamuatiwuii, xoTopblii paBeH lrU€ TIpU CO3MaHUM COOOIIEHUS B KOpPHE, a 3aTeM
«cOpaceiBaetTcs» B false, korma cooOlieHHe MPOXOAUT HE OCTOBHOE pebpo (4To
OTMEUEHO B €r0 KOHIIE) HJIM KOTJa OHO CO3aETCs B HEKOPHEBOM HHHUIHATOPE.

Ecnu ucmonb3yeTcss MHOXXECTBEHHAasi pacchlika JUiss Mepeladyd  COOOIICHUs
Pazmemka ot KOpHS 10 uHHMIMAaTOpa, TO HpH pasmerke Takxke X < dy. B arom
cilydac B COOOINCHUSIX HE HY)KEH mapamerp R, omuchIBaromuii myTh OT KOPHS 10O
uHUNHATOpa. MIHUIMATOp caM «IOBUT» aJpecOBaHHOE eMy cooluicHue Pazmemka,

TIOCKOJIBKY B HEM eCTh VIr-BEKTOp TyTH, HAUWHAOIIHIACS KaK pa3 B MHUIIHATOPE.

B uenom nonyyaem: npu moucke mytd T < do+2D+1, npu pasmerke T < do+2D. Ipu
WCIIOJIb30BaHUM JIepeBa KpaTyallIuxX MyTed WM MHOKECTBEHHOM pPacCHUIKU: INPHU
noucke mytd T <2dg+D+1, npu pasmerke T < 2do+D. Ilpu nowncke mytu N u E

9KCMOHEHIHMANbHEL, a ipu pazmeTke N < 1 u E = O(DglognA).

11. 3aknroyeHue

B crartbe mpemioxkeH OOIIMI MOAXOA K PELICHHUIO 3a/1a4 Ha HEOPUEHTHPOBAHHOM
YIOPSIOYSHHOM ~ CBSI3HOM ~ KOpDHEBOM  rpade  KOJUIGKTUBOM  aBTOMATOB,
pPACTONIOKEHHBIX B BEpIIMHAX rpada M OOMEHHUBAIONIMXCS COOOMICHHSIMH I10
pé6pam rpada. ABTOMATHl — TONXYPOOOTHI, T.€. pa3Mep UX MAMITH MOXKET pacTu
BMECTE C POCTOM 4YHCJa BEpIIMH N u yucia pédep M rpada, HO omucanue rpada,
BOOOIIE TOBOps, HE TMOMENIAeTCs B IaMATh aBTOMara. BriOpaHa MoJenb
MaKCUMAaJbHOTO paclapaUIe]IMBaHus. BpeMs cpabaThIBaHKs aBTOMaTa HYJEBOE, a
EMKOCTh pebpa (4uciio cooOmeHuit Ha HEM) HE OrpaHHYEHA. DTO IO3BOJSET
MOJTy4aTh HIKHUE OLIGHKHU CI0KHOCTH JITOPUTMOB PEIICHHS 3a/1a4.

IIpemnosxensr 6a30BBIe MPOLEAYPEI 00paObOTKH COOOIMIEHHUH, U3 KOTOPBIX CTPOSTCS
AITOPUTMBI pellieHns 3a1ad Ha rpadax. ITO MPOAEMOHCTPUPOBAHO HA TPHMEpax

MOCTPOEHHsI 0CcTOBa Tpada, YHHBEPCAILHOIO «CTOMOPay, OMPEACISIONIEr0 KOHEll
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paboThI JI000T0 ANTOPUTMa, OCTPOSHHUS IepeBa KpaTyalliuxX MyTed U HyMepalnuu
rpada. Tarke npemiokeH aJropuTM cOopa B HEOrPAHWYEHHOW MMaMmsTH aBToMara
KOPHSI TOJTHOH MH(pOopMaIuu o rpade morypodoTaMu HEKOPHEBBIX BEpIIHH. Bee 3T
QITOPUTMbI UMEIOT JIMHEHHYIO CIIOXHOCTh OT N ¥ M, U He Ooyiee 4eM JHHEHHOe
YHCJIO COOOIICHUH, OJTHOBPEMEHHO MepenaBacMbIX Mo pedpy. Takxke paccMoTpeHa
3ajaya TOMCKa MakcuManbHOro mytd B rpade ximacca NP. 3a  cuér
HCOTPAaHMYCHHOTO (PKCIOHEHIMAIBHOTO) YKCIA COOOINCHUA aJrOpUTM PEIICHUS

3TOH 3a/1a4u UMEET JIMHEHHYIO CJI0KHOCTb.

IMonyuyeHHBIC Pe3yabTATHI MO3BOJSIOT HAJCITHCSA, YTO IMPEUIOKEHHAS METOJHKA
MOJKET YCHENIHO TPHUMEHATHhCS JUIA pelleHHus IpYyrux 3amad Ha rpadax. Mer
HaMepeBaeMcs B JajbHEHIIEM pacCMOTPEeTh Takhe 3ajadd, Kak ITOCTPOSHHE
MUHIMaJIbHOTO OCTOBHOTO JiepeBa BO B3BEHNICHHOM Tpade, IOCTPOCHHE
MaKCHUMaJIbHOTO HE3aBUCHMOTO MHOKECTBA BEPIINH, OIpEAETICHNE BCEX MOCTOB B
HEOpHEHTHpOBaHHOM rpade U jap. Takke mpeanoiaracTcs pPacluIMPUThH
npe/iaraeMbIi MOJIXOJT Ha ciydai OpPUCHTUPOBAHHBIX rpados,

HCACTCPMUHUPOBAHHBIX U TUHAMHNYCCKUX rpaq)os.
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A general approach to solving problems on
graphs by collective automata

Igor Burdonov <igor@ispras.ru>
Alexander Kossatchev kos@ispras.ru
Institute for System Programming of the Russian Academy of Sciences,
25, Alexander Solzhenitsyn st., Moscow, 109004, Russia.

Abstract. We propose a general method to solve graph problems by a set of automata
(computational agents) located in vertices of undirected ordered connected rooted graph and
communicating by passing messages along graph edges. The automata are semi-robots, i.e.,
their internal memory size is sufficient to store values depending on the number of vertices
and edges of the graph (n and m, correspondingly) but is too small to store the complete
graph description. Section 2 presents classification of graph-based distributed computational
models depending on internal memory size of vertex automaton, vertex automaton operation
time, and edge capacity (the number of messages that are passing along an edge
simultaneously). We choose for further use the model of maximum parallelism, having zero
automaton operation time and unbounded edge capacity. It allows to obtain lower complexity
bounds on distributed graph problems. Section 3 describes algorithm complexity assessment
rules. Section 4 presents basic message processing procedures and message classification
according to paths passed by them and methods of message processing by vertex automaton.
We propose to construct algorithms solving graph problems on the base of the procedures
considered, and present some examples in further sections. Sections 5-9 describe distributed
algorithms for spanning tree construction, for task termination detection (based on detection
of absence of messages used by the task), for shortest paths tree construction, for graph
vertices enumeration, for collecting graph structure information in the root automaton
memory (if it is unbounded). The algorithms proposed has linear time complexity in n and m,
and use linear in n and m number of messages. Section 10 considers construction of
maximum weight path in a weighted graph, which is NP. We propose the algorithm that for
the sake of using unbounded number of messages can solve this problem in linear time in n
and m. The conclusion summarizes the paper and draws directions of further research:
constructing algorithms for other graph problems and generalization of the approach to
directed, non-deterministic and dynamic graphs.

Keywords: undirected graphs, graph problems, asynchronous distributed systems, distributed
algorithms.
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